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ABSTRACT: We consider SU(3)-equivariant dimensional reduction of Yang-Mills theory on
Kéhler manifolds of the form M x SU(3)/H, with H = SU(2) x U(1) or H = U(1) x U(1).
The induced rank two quiver gauge theories on M are worked out in detail for representa-
tions of H which descend from a generic irreducible SU(3)-representation. The reduction of
the Donaldson-Uhlenbeck-Yau equations on these spaces induces nonabelian quiver vortex
equations on M, which we write down explicitly,. When M is a noncommutative defor-
mation of the space C%, we construct explicit BPS and non-BPS solutions of finite energy
for all cases. We compute their topological charges in three different ways and propose a
novel interpretation of the configurations as states of D-branes. Our methods and results
generalize from SU(3) to any compact Lie group.
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1. Introduction and summary

BPS type equations for gauge theories in higher dimensions were proposed long ago [[l] as
generalizations of the self-duality equations in four dimensions. For nonabelian gauge the-
ory on a Kéhler manifold the most natural BPS condition lies in the Donaldson-Uhlenbeck-
Yau equations [f. These equations arise in compactifications of superstring theory down
to four-dimensional Minkowski spacetime as the condition for at least one unbroken su-
persymmetry. In this paper we will study the structure of solutions to these equations on
product manifolds of the form M, x G/H, where G is the Lie group SU(3) and H is a
closed subgroup of G.

Building on earlier work [[J], nonabelian gauge theory on the manifold M, x S2, the
product of a real g-dimensional manifold M, with lorentzian or riemannian nondegenerate



metric and a two-sphere S?, was considered in [[d]. The SU(2)-equivariant dimensional
reduction induces a Yang-Mills-Higgs theory on M, which is a quiver gauge theory of
rank one. For Kahler manifolds M,, with ¢ = 2d, the proper reduction of the Yang-Mills
equations on Mg x S? induces quiver gauge theory equations on My, and quiver vortex
equations on My, in the BPS sector [f]. The Seiberg-Witten monopole equations for
d = 2 and the ordinary vortex equations [[f] for d = 1 are particular instances of quiver
vortex equations. It has also been shown that the ordinary vortex equations are integrable
when My is a compact Riemann surface of genus ¢ > 1 [§. In that case My x S? is a
gravitational instanton, and the vortex equations are the compatibility conditions of two
linear equations (Lax pair) so that the standard methods of integrable systems can be
applied to the construction of their solutions. Explicit SU(2)-equivariant monopole, dyon
and monopole-antimonopole pair solutions of the Yang-Mills equations on M x S? were also
obtained in [f] for My of lorentzian signature (—+) and with the topology of R? or R x S*.

While the criteria for existence of solutions to all of these BPS quiver vortex equa-
tions are by now well-understood [[[{, [[]], in practice it is usually quite difficult to write
down explicit solutions of them. The construction of exact solutions is facilitated when
My is the noncommutative space Rgd. In this instance both BPS and non-BPS solu-
tions were obtained for various cases in [, i, [ [[4]. In this paper we will extend these
constructions by SU(3)-equivariant dimensional reduction over the coset spaces SU(3)/H,
where H = SU(2) x U(1) or H = U(1) x U(1). In the former case the coset space is the
complex projective plane CP2. We will find that many aspects of the induced rank two
quiver gauge theory on Myy in this case are qualitatively similar to that obtained from the
symmetric space CP' x CP! [13]. However, the technical aspects are much more involved
and some new features emerge from the nonabelian SU(2) instanton degrees of freedom
which now reside at the vertices of the quiver. In the latter case the coset space is the
six-dimensional homogeneous manifold ()3, and the qualitative features of the rank two
quiver gauge theories are much different in this case, even though the quiver vertex degrees
of freedom involve two U(1) monopole charges as in the CP' x CP' case [[J]. This space
has appeared before in a variety of different physical contexts, such as in connection with
the dynamics of M-theory on a manifold of Gy holonomy which develops a conical sin-
gularity [[L5], and for the dimensional reduction of ten-dimensional supersymmetric gauge
theories over six-dimensional coset spaces in much the same spirit as our more general re-
ductions [L]. In these latter applications the usage of the non-symmetric space Q3 induces
a four-dimensional field theory with softly broken N = 1 supersymmetry. We expect that
our constructions will have direct applications in these classes of models, though this is left
for future work.

The outline of this paper is as follows. Throughout we present detailed constructions
and examples of the pertinent quiver gauge theories. Although most of our analyses are
model dependent, our techniques and results apply to reductions over more general coset
spaces G/H, where G is a compact Lie group and H is a closed subgroup of G. In section [
we give explicit constructions of the quivers and their representations which will underlie
the gauge theories considered in this paper. In section [ we carry out the SU(3)-equivariant
dimensional reductions and explicitly construct the fields of the quiver gauge theory. In



section [ we study the BPS equations of the quiver gauge theory which describe nonabelian
quiver vortices. In section f] we construct explicit BPS and non-BPS solutions of finite en-
ergy on the noncommutative deformation of My = C%. Finally, in section A we compute
topological charges of our noncommutative instanton solutions from various points of view,
and use the constructions to propose a novel interpretation of the configurations as states
of D-branes.

2. Homogeneous bundles and quiver representations

In this section we will give purely algebraic constructions of the quivers that will play a role
throughout this paper, following the general formalism developed in [[[(J]. They are based
on the representation theory of the Lie group G = SU(3), and are naturally associated
to homogeneous vector bundles whose fibres transform under irreducible representations
of SU(3). We will begin with the simplest instance of the fundamental representation as
illustration of the method. Then we will give the general construction, and illustrate the
formalism with various other explicit examples.

2.1 Fundamental representations

We are interested in the geometry of coset spaces of the form G/H, where H is a closed sub-
group of G = SU(3). Given a finite-dimensional representation V of H, the corresponding
induced, homogeneous hermitean vector bundle over G/H is given by the fibred product

V=GxyV. (2.1)

Every G-equivariant bundle of finite rank over G/H, with respect to the standard transitive
action of G' on the homogeneous space, is of the form (2.1]). If V is irreducible, then H is
the structure group of the associated principal bundle. The category of such homogeneous
bundles is equivalent to the category of finite-dimensional representations of a certain quiver
with relations, whose structure is determined entirely by the subgroup H. In contrast to
the treatment of [[]], we restrict to those representations V which descend from some
irreducible representation of SU(3) by restriction to H. We will now give an elementary
construction of this quiver representation in the simplest case where V = Ql’o‘  1s the
restriction of the three-dimensional fundamental representation of SU(3).

The Dynkin diagram for SU(3) consists of a pair of roots aq, a3. The complete set A of
non-null roots is + aq, + ag, £+ (@1 +az), with the inner products (a1, a1) = (a2, a2) = 1 and
(a1, 9) = —% so that (a1 + ag, a1 + ag) = 1. For the system AT of positive roots we take
a1 = (1,0), ag = 1 (-=1,v/3) and a1 +as = 1 (1,/3). Let e;; be the matrix units obeying
eij exl = Ojk €, and abbreviate e; := e;;. The generators of SU(3) for the Cartan-Weyl
basis in the 3 x 3 fundamental representation are then given by the Chevalley generators

Eal = €12, EJOl2 = €923, and Ea1+a2 = [Ea17Ea2] = €13 (2.2)
along with

Eoy = El =en, E_o =El, =ep, and E_ga, = Bl =en. (23)

a1



We take
Hy,, = e1—es and H,, = e1+ex—2e3 (2.4)

as the generators of the Cartan subalgebra u(1) @ u(1). The commutation relations are

[Hoy, Exo,] = £2E4¢,, and [Hoy, Exo,] = 0,
[HalyE:l:ag] = :FE:toé2 and [HazyE:l:az] = :i:3E:|:a2 (25)
along with
1
[EOé17E—a1] = HOé17 [Eoc27E—a2] = §(H062_Ha1)7
1
[Ear+as: E—ai—as] = §(Ha1 + Ha,) (2.6)

the Lie brackets

[HauE:l:(al—i-az)] = j:E:I:(al—i-ag) and [HoczaE:I:(al—i-ag)] = :t?’E:I:(al—i-ag)y (27)

and

[Eial’EiO‘?] - Ei(a1+a2)’ [Eial’EjF(al-i-az)] = :FEjFaza
[Eia27E$(a1+a2)] = :tEZFal' (28)

All other Lie brackets of the generators vanish.

The fundamental weights are p,, = % (1, % ) and g, = (0, % ), with 4, the highest

weight of the defining representation C'0. The corresponding weight diagram is

(2.9)

and the Young tableau consists of a single box. There are two homogeneous spaces of

interest that we now analyse in turn.

Symmetric C1° quiver. Our first example is the four-dimensional complex projective
plane

CP? =SU(3) /S(U(2) x U(1)) (2.10)



which is a symmetric space whose isometry group is isomorphic to SU(3). We can use the
weight diagram (R.9) to decompose the fundamental representation of SU(3) as a represen-
tation of the subgroup H = S(U(2) x U(1)) = SU(2) x U(1) (locally) to get

CYsuyxum = (LD ® (0,-2), (2.11)

since the restriction of the SU(3) operators E ,, to SU(2) shifts vertices along the horizon-

tal directions of the weight diagram. The first integer n = 21 in the pairs on the right-hand
side labels twice the isospin I (the eigenvalue of H,,) such that (n+ 1) is the dimension of
the irreducible SU(2) representation and the second integer m = 3Y labels three times the
hypercharge Y which is the U(1) magnetic charge (the eigenvalue of H,,). We use the two
pairs of integers in (R.I1)) to label vertices in a directed graph. The arrow between the two
vertices comes from increasing the H,, and H,, eigenvalues using the raising operators
E,, and Eg, ya,, via the commutation relations (R.5) and (R.7). This gives the elementary

quiver diagram
(1,1)

+
¢0,72

(0,-2) (2.12)

associated to the symmetric space CP? for the fundamental representation of SU(3), where
<I>ar7 _o is the H-equivariant intertwiner between the two H-modules induced by the action
of the SU(3) raising operators E,, and Eq,+q,. Later on this quiver will be associated to
a holomorphic triple representing the basic unstable brane-antibrane pair. A completely
analogous construction applies to the conjugate representation C*', with highest weight
[las, Whose weight diagram is the counterclockwise rotation of (R.9) through angle 7 about
the origin. The Young diagram consists of a single column of two boxes, and the analog of
the decomposition (R.11) is

QO’1|U(1) =(1,-1) @ (0,2) . (2.13)

xSU(2)

Non-symmetric C1'° quiver. Our second example is the six-dimensional reducible flag
manifold F(1,2;3) = Q3 given by

Qs =SU(3) /U(1) x U(1) (2.14)

which is homogeneous but not symmetric. Now we decompose the fundamental represen-
tation of SU(3) as a representation of the maximal torus H =T = U(1) x U(1) of SU(3).
This can be achieved starting from (R.11]) by decomposing the fundamental representation
of SU(2) as a U(1) representation to get 2‘U(1) = (1) & (=1), where (q) denotes the irre-
ducible one-dimensional representation of U(1) with magnetic charge ¢ € Z which is twice
the third component of isospin of an irreducible SU(3) representation. It follows that

QLO‘U(I)XU(I) = (171)1 @ (_171)1 @ (07 _2)07 (2'15)



where now the pairs label the U(1) charges (¢, m),, m = 3Y, of the torus 7', and the
subscripts label the original SU(3) isospin integer n which keeps track of multiplicities of
states in the weight diagram. The three vertices are now joined by the actions of the raising
operators Eq, 4y, Fa, and E,, through the commutation relations (R.§) and (.7), giving

the quiver diagram
1(1)0
—1,1
(-1,1)1 (1,1)1

(0,=2)o (2.16)

Compatibility with the commutation relations of the SU(3) raising operators implies the
relation
0 150 O0g—
f_,— 0% P05 ,=0. (2.17)

2.2 General constructions

We now turn to the general construction of the quiver diagram associated with the homo-
geneous bundle (B.1)). As complex algebraic varieties, the homogeneous space G/H is dif-
feomorphic to the flag manifold G/P, where P is a parabolic subgroup of G€ = SL(3, C).
Given an irreducible holomorphic representation V', of P, corresponding to an integral
dominant weight p € AJIS, the induced, irreducible, holomorphic homogeneous vector bun-
dle over G®/P is O, = GCxpV u- Let L C P be the universal complexification of the
subgroup H. Then there is a Levi decomposition P = U x L. By Engel’s theorem, a
holomorphic module V', is an irreducible representation of P if and only if its restriction
%4 u‘ ;, is an irreducible representation of the reductive Levi subgroup L and the action of
U onV , is trivial. Then V, = G xy V , is the smooth, G-equivariant hermitean vector
bundle underlying O,. The quiver is associated to an appropriate basis of weights of L
which specifies the vertices. The action of U, extending the L-action to a P-action, specifies
the arrows satisfying relations which invoke the commutation relations of the Lie algebra u
corresponding to U. Homogeneous bundles with the same slope will typically lie along diag-
onal lines of the quiver diagram [[I(, [L]. As we will see later on, the relations of the quiver
correspond to integrability of the Dolbeault operator on the induced homogeneous vector
bundle over G€/P, which will arise dynamically as BPS equations for a quiver gauge theory.

For each pair of non-negative integers (k,!) there is an irreducible holomorphic repre-
sentation C* of SL(3,C) of dimension

1
d* = dim (C*') = g k+HI+2)(k+1) (I +1) (2.18)
and highest weight © = kg, + l fta,. The restriction Qk’l‘ ;, then determines a finite-

dimensional representation of this quiver, and conversely. Let us illustrate the construction
explicitly on our two coset spaces of interest.



Symmetric C*! quiver. The complex projective plane can be modelled locally as the
Crassmann manifold Gr(2,3) = GL(3,C)/K = CP?, where K is the stability subgroup
of block upper triangular matrices preserving the two-dimensional lowest weight subspace
of the complex vector space C1? =2 C3> = C? @ C. Thus in this case P is the parabolic
subgroup of block upper triangular matrices in SL(3,C). The Levi subgroup L is the group
of unit determinant matrices in GL(2,C) x C,, where C, := C\ {0}. The commutative
algebra u corresponding to U is generated by E,, and E,, +q,. The set of vertices Qq of
the associated quiver consists of the weight vectors (n,m) of U(2) = SU(2) x U(1) (locally)
in SL(3,C) with respect to the basis (Hq,, Ha,). From the commutation relations (R.5)
and (R.7) it follows that the arrow set Q; of the quiver is determined by the action of U
on the weights as
(n,m) — (n+1,m+3), (2.19)
depending on which particular weight vectors (n, m) the raising operators E, 14, and E,,
act on. Since u is an abelian algebra, the arrows (R.19) generate commutative quiver dia-
grams with quadratic holomorphic relations R around any elementary square of the quiver.
These graphs are formally the same as the rectangular lattice quiver diagrams associated
to the symmetric space CP! x CP! [[I(, [[3], which are generically a product of two chains.
For a fixed pair of non-negative integers (k,l), the irreducible SU(3) representation
CH! determines a finite quiver vertex set Qu(k,1) as follows. The quiver diagram can be
obtained by collapsing the “horizontal” SU(2) representations to single nodes in the weight
diagram for C¥'. Algebraically, the integer k is the number of fundamental representations
O and [ the number of conjugate representations C%! appearing in the tensor product
construction of C*!. This means that the Young diagram of C*! contains k + [ boxes in
its first row and [ boxes in its second row. To determine Qq(k,[), we decompose CFlas a
representation of SU(2) x U(1). From the weight diagram for C*! including multiplicities,
one can extract the SU(2) x U(1) representation content for each row. For example, with
k > [ one finds

m==k+2l, n =k

m=k+2l -3, n=%Fk+1, k—1

m=k+2 -6, n=%k+2,k, k—2

m=k-—1, n==%k+Il,k+1-2, k+1—-4, ..., k=1
m=k—1-3, n==%k+Il-1,k+1-3,k+1-5, ..., k—1-1
m = —2k + 21, no=2,2-2,21—4,...,2,0

m=—2k+2l -3, n=2-1,21-3,2l-5,...,3,1

m=—-2k—1+4+3, =1Il+1,1-1
m=—2k—1, n =1. (2.20)

N
|



The set of quiver vertices (n,m) in this case generates a rectangular lattice tilted through
angle 7 with corners located at (k,k + 21), (k+ 1,k —1), (0,—2k + 2[) and (I, -2k —[).
The cases k < [ are treated similarly. Conversely, given any finite quiver associated to
the symmetric space CP?, the ranges of the vertices determine a corresponding irreducible
representation C*! of SU(3). The integers (n,m) have the same even/odd parity.

Non-symmetric C*! quiver. In this instance P is the Borel subgroup of (purely) upper
triangular matrices in SL(3,C). The Levi subgroup is L = (C,)? C SL(3,C). The algebra
u is now generated by E,,, E,, and E,, tq,, which is the non-abelian three-dimensional
Heisenberg algebra with central element E,, t4,. The set of vertices (¢, m),, is now precisely
the weight lattice A = Z? of SL(3,C), and from the commutation relations (B.§) and (.7)
it follows that the action of U on the weight vectors is given by

EOCI : (Q7m)n [ — (Q+27m)n7
EOQ : ((L m)TL — (q - 17 m—+ 3)TL:|:1 )
Eo tas: (g,m)p — (¢+1,m+3)pt1. (2.21)

The arrows of the quiver thus translate weight vectors by the set of positive roots. More-
over, the Heisenberg commutation relations induce linear terms in the relations expressing
commutativity of the corresponding quiver diagrams. In contrast to the symmetric quivers
above, in this case there can be multiple arrows emanating between two vertices due to
degenerate weight vectors (¢, m),, and (¢, m),, with n # n’.

Given an irreducible representation C*! of SU(3), the quiver diagram is now simply
the weight diagram for C*!. Thus the non-symmetric vertex set Qq(k,!) is generated by
lattice points (g, m), with

g=-n,-n+2,...,n—2,n. (2.22)

Note that the symmetric vertex (n,m), representing a full isospin multiplet, can be ob-
tained by collapsing the non-symmetric quiver vertices (¢, m), to (n,m). Given any finite
quiver associated to the homogeneous space (Q3, the ranges of the vertices determine a
corresponding representation of SU(3). Again, the integers (¢, m), have the same parity.

2.3 Examples

We conclude this section by giving some further explicit examples of quiver representations
corresponding to irreducible SU(3) representations, as illustration of the general algorithm
of section P-4 above. From these examples the generic features of the symmetric and
non-symmetric space quivers will become apparent.

Symmetric C?° quiver. Let us consider the six-dimensional representation C*° of



SU(3). In this case the highest weight is 21, and the corresponding weight diagram is

1
23 Ha,
e P -»
2,ua1 — 2051 \ // \2,Ua1 (5] / 2,ua1
\ /
\ / \ /
\ / \ /
\ / \ /
\ / \ /
\\ / \ /
/ \ /
N / \ / =
/ \
\ R / 5 Ha1
2y — 200 — 2 N /e, — O — Q2
\ /
\ /
\ /
\ /
\ /
\

The Young diagram consists of a single row

(2.23)

of two boxes, and from the weight dia-

gram (P:23) one can work out the decomposition of C*? as a representation of SU(2) x U(1)

to get

Q2’0|SU(2)xU(1) =(2,2) ® (1,-1) © (0,—4) .

(2.24)

The corresponding quiver diagram is

(07 _4)

(2.25)

which will be represented in section B by a holomorphic chain.

Symmetric CY! quiver.

The final example of a quiver associated to the symmetric

space CP? corresponds to the eight-dimensional adjoint representation C''. The highest

weight is given by @ 1= pio, + tlay =

1(1,v/3), and the weight diagram is

1
2\/§Ha2
p—ap =X~ """|T" "Ry
2N /N
/ \ / \
/ \ / \
/ \ / \
/ \ / \
/ \ / \
p—201 — o = —ay \4’ \)M—Oé2=041
o
\ 7N / %Hal
\ , \ ,
\ / N ,
\ ; \
\ ; \ /
\ , \ /
\ , \ /
Ny, N/
e----F----- [}
w—201 — 209 = —p w— a1 — 200 = —ao
(2.26)



The corresponding decomposition of C™! is given by

QM\SU@)XU(D =(1,-3) @ (2,0) & (0,0) & (1,3) . (2.27)

The quiver diagram is

(2.28)
whose commutativity is expressed through the holomorphic relation

Non-symmetric C?% quiver. Next we turn to the quiver associated to the non-
symmetric space Q3 which corresponds to the representation C*° of SU(3). Decomposing
the SU(2)-modules in (P.24) as irreducible U(1) representations, the decomposition of C*°
as a representation of the maximal torus T is given by

Qm\ug)w(l) =(2,2)2 ® (0,2)2 ® (=2,2)2 ® (1,-1)1 & (=1,-1)1 & (0,—4)o . (2.30)

The corresponding quiver diagram coincides with the weight diagram (R.23) and can be
presented as

(_2a2)2 2(1)(1272 (0a2)2 2(1)872 (2a2)2

(0, —4)o (2.31)
Compatibility of the maps in (R.31]) implies the set of holomorphic relations
1@{_1 - 2‘1’8,2 1(1’1_,—1 =0,

2(1)8,2 1<I>i_1,—1 - 1<I>Ir,—1 1<I>91,—1 =0

9

— 10 —



1 lg— 10 250 lg—
CI)J—F17—1+ QP 1 —279,, ¢, 4, =0,
1+  Og— 1e— OF+
L Py P P4 =0,
0 140 06—
o 410, 005 ,=0. (2.32)
Non-symmetric C1! quiver. Our final example of this section is the quiver associated

to Q3 which is built on the adjoint representation C'! of SU(3). Using (B-27) one has the
decomposition

CH oy = 131 & (=L3)1 & (2,02 & (0,0)
© (=2,0)2 © (0,0)0 & (1,-3)1 & (=1,-3) (2.33)

and the corresponding quiver diagram coincides with the weight diagram (2.24) presented as

(2.34)

The four extra arrows arise from the doubly degenerate weight vector (0,0), (0,0)2
occuring in (2.33). We omit the rather lengthy list of holomorphic relations expressing
compatibility of the equivariant T-module morphisms in (R.34).

3. Equivariant gauge theories and quiver bundles

In this section we will consider Yang-Mills theory with G-equivariant gauge fields on man-
ifolds of the form
X = MpxG/H = GxyMp, (3.1)

where Mp is a manifold of dimension D and G = SU(3) acts trivially on Mp. We will
reduce the gauge theory on (B.I) by compensating the isometries of G/H with gauge
transformations, such that the Lie derivative with respect to a Killing vector field is given
by an infinitesimal gauge transformation on X. This unifies gauge and Higgs fields in
the higher-dimensional gauge theory, and reduces to a quiver gauge theory on Mp. The
twisted reduction will be accomplished by uniquely extending the homogeneous vector
bundles (R.1)) by H-equivariant bundles E — Mp, providing a representation of the quivers

— 11 —



with relations of section | in the category of complex equivariant vector bundles over
Mp. Such a representation is called a quiver bundle. As previously, we will illustrate
the idea behind the construction by considering first the quiver bundles associated to the
fundamental representation of SU(3). Then we give the general construction of the G-
equivariant gauge connections, and present various other explicit examples to demonstrate
generic features of the quiver gauge theory. While the equivariant reduction of gauge
connections has been carried out in generality in [I{], the construction there relies on
various formal isomorphisms. In the following we carry out the coset space dimensional
reduction explicitly by exploiting the geometry of the homogeneous spaces involved and a
suitable basis for the irreducible representations of SU(3).

3.1 Fundamental representations

We begin by constructing the quiver bundles associated to the fundamental representation
C10 of SU(3), for the two coset spaces considered in section P In each case we begin by
constructing the unique G-equivariant gauge connection on the homogeneous bundles (P.])),
and then extend it to equivariant bundles over the product spaces (B-).

Symmetric C'? quiver bundles. Let us describe the G-equivariant connection on
CP2. Consider the principal S(U(2) x U(1))-bundle

S(U2)xU(1))
e

SU(3) CcP?. (3.2)

Let (Yo Y1 Yg)T denote homogeneous complex coordinates on CP?. The projective plane
can be covered by three patches CP? = Uy UlU; Ul such that Y; # 0 on U; =2 C2. Then

1
1
Y = <y2> ~ vy, and YT = (51 ?) (3.3)
Y2/Yo

are coordinates on the patch Uy with YTY = ¢°¢* and i = 1,2. A local section of the
fibration (B.2) is given by the 3 x 3 matrices

vV = % <_§7T f) and VI = % (;}T _1}7 ) : (3.4)

where
A = 712—%YYT and v o= V1I4YTY = 1+ (3.5)

obey
AY =Y, YIA=Y" and A% =-21,-YYT. (3.6)

Using the identities (B.f) it is easy to see that VIV = V V1 = 13 and hence that
V € SU(3).

— 12 —



Introduce a flat connection on the trivial bundle CP? x C? by the anti-hermitean

one-form -
B B
Ay = Vidy = .
v (20) o
with B € u(2) and a € u(1), where from (B.4) we obtain
B:i2<_%d(YTY)12+YdYT+AdA>, (3.8)
gl
1 . L
a= 13 (Ytady —av'y), (3.9)
G=taay = Ltav- L1 _yyiay (3.10)
7 v (v +1) ’ '
1 1 1
B==Ady = —dY - ——YVYdy. 3.11
o gl 7 (v+1) (310

Introducing components of the column one-forms in (B.10) and (B.11]), one has

5 (7 N R I R g
B = <B2> with gt = 5 dy E D) y dy? (3.12)
g : i Lo T,

The one-forms B — % tr(B) 15 and a on CP? give the vertical components of Ay with values
in the tangent space su(2) @ u(1) to the fibre of the bundle (B.3), while 3 and 3 are basis
one-forms on CP? taking values in the complexified cotangent bundle of CP? and giving
the horizontal components of Ay tangent to the base CP2. The (1,0)-forms $° and the
(0,1)-forms (3 constitute a G-equivariant basis for the complex vector spaces of forms of
type (1,0) and (0,1) on CP?, respectively.

Since V € SU(3), the canonical one-form (B.7) on SU(3) satisfies the Cartan-Maurer
equation

dAg+AgANAy=0. (3.14)
This leads to the component equations
Fyp = dB+BAB = BAAT = @;Qgi g;ﬁgz) , (3.15)
fuy == da = SAIAE = L (B NS+ B AR) (3.16)
along with
d3+BAB—28Aa =0 and d3"+B8TAB—-2aABT = 0. (3.17)

The abelian field strength (B.16) can be written explicitly as

1 N T R R A R
fa =~ (v dy’ Ady' — 3" dy' Ay di) (3.18)
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while the u(2)-valued curvature (B.15) can be reduced to

Fy2) = Fau) + fun) 12, (3.19)
where
LB A — AP A A2
Fou) = (2 32 AL LA AB AR T dB)+ByABqy (3.20)

is the curvature of the gauge potential B(;) = B —a 13 € su(2).

By construction, the fields a, By, fyq) and Fy,o) = Fp,, are all G-equivariant
and can be understood geometrically as follows. The one-form (B.9) is the u(1)-valued
monopole potential on CP? which can be described as the canonical abelian connection

on the Hopf bundle

U(1)
—_

S5 =U(3)/U(2) cpr?. (3.21)

Choose a linearly embedded projective line CP' < CP? defined by the equation
y?> = 92 = 0. Its homology class is the generator of the group Ho(CP?;Z) = 7Z which
is Poincaré dual to the generator [ﬁ fum)] € H?(CP?%Z) = 7Z. Since the abelian group
H?(CP?%,7Z) = H'Y(CP?/U(1)) classifies complex line bundles over CP?, we can pick a
representative £ — CP? of the isomorphism class corresponding to Jur)- This complex
line bundle, associated with the principal U(1)-bundle (B.21]), is the monopole bundle
over CP? which we take to be endowed with the same u(1)-connection a. Higher degree
monopole bundles £,, := L£®™ are endowed with the connection ma and first Chern
number m € Z, and are associated to higher irreducible representations (m) of the fibres
of (B:21). Note that the monopole field strength m fy(1) of charge m is a (1,1)-form

proportional to the canonical Kihler two-form on CP? given locally on the patch Uy by
wepr = —12 BT AB . (3.22)

On the other hand, the one-form By = B — a 13 is the su(2)-valued one-instanton
field on CP? considered as the canonical connection on the rank two vector bundle Z = 7;
associated with the Stiefel bundle

UE) /U xu@) 22, cp? (3.23)

Its curvature Fy,) is also a (1,1)-form on CP?. Higher rank instanton bundles Z,, are
endowed with G-equivariant one-instanton connections B,y € su(n + 1) and fibre spaces

(n+1)=c! (3.24)

in higher-dimensional representations of the SU(2) fibres of the bundle (B.23). For a given
representation (n,m) of H = S(U(2)xU(1)), the corresponding homogeneous vector bundle

is given by H, m = G Xg (n,m) and can be identified with Z,, ® L,,. It follows that the
flat connection (B.7) is a connection on the homogeneous bundle (R.1]) induced by the
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decomposition of the fundamental SU(3) representation C10 in (B11), with T @ £ o =
CP? x C3. This defines a connection on the elementary quiver bundle

FACN P (3.25)

over CP? representing (B.13). The diagonal elements B = B(1) + a 12 and —2a naturally
define connections on Hy 1 = Z ® £ and Ho_a = L_o, respectively. By (BI7), the off-
diagonal elements § and —(" implement the G-actions which connect the H-modules at
the vertices of the quiver.
Let us now extend this quiver bundle with the H-equivariant vector bundle EX0 — M
given by
EY = (Epy ,® (0,-2) a1p) @ (Epy, @ (1, 1) aryp) (3.26)

where (n,m) p, denotes the trivial H-equivariant vector bundle Mp x (n,m), and E,, .

are hermitean vector bundles over Mp of rank p,,, with the trivial H-action and the
gauge connections A™" = A™™(z) € u(pnm) for € Mp. The action of the SU(3)
operators Ey o, and Ey (4, 1q4,) 1S implemented by bundle morphisms given by sections
P2 = Bg_o(zr) € Hom(Ep, ,, Ep, ;) and ¢g o1 = ¢5_,M(z) € Hom(Ey, ,, Ep, ),
yielding a quiver bundle which corresponds to the holomorphic triple

Epi s (3.27)

over Mp representing (2.12).
The induced G-equivariant bundle over Mp x CP? is then constructed as the fibred
product
EW = GxgEYY = (Eyy ,KL,) @ (B, ,K(I®L)). (3.28)

A G-equivariant connection on this complex vector bundle is given by naturally extending
the flat connection (B.7) to get

AM @1y +1, , ® (By) + f_2®p
A — 2 N pl.i,-l (T (1) a) 09 ¢07—2 /8 . (329)
_¢0,—2 ® ﬁ A% ®1+ 1P0,72 & (_2(1)
The curvature of the connection (B.29) is given by
F=dA+ANA. (3.30)

Using (B.1§)-(B-17) and abbreviating ¢ := qﬁ& _o, it is given explicitly by

Fo(FH et (1, =00 @ (GAGT) (A9+ AN 6-9A)Af (3.31)
— —(d@T‘F@bT Al’l—AO’_2 ¢T) /\ﬁT FO,—2 ® 1+(1P0,—2_¢T ¢)®(ﬁTAB) .

where F"™™ = dA™™ + A™™ A A™™ is the curvature of the vector bundle E

Pn,m

— Mp.
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Non-symmetric C** quiver bundles. Now let us consider quiver bundles associated
with the fundamental representation of SU(3) and the coset space Q3. As a complex
manifold, Q3 is a quadric in CP? x CP2. In homogeneous complex coordinates p® and ¢q
with @ = 1, 2,3 on CP? and CP2, respectively, it is defined by the equation p® ¢, = 0. This
embedding also identifies Q3 as the twistor space of CP? through the sphere fibration

T 0y S cp? (3.32)

defined by forgetting the dependence on the coordinates gq,. This twistor fibration is a
geometric version of the algebraic relationship derived in the previous section between the
quivers associated to the homogeneous spaces Q3 and CP?. As we shall see, integration over
the CP! fibres of (B.32) is mimicked by a sum over monopole charges g for fixed isospin n
which maps the (g, m),, representation onto (n,m). This enables one to map configurations

built on the two spaces using the projection 7 and the homomorphisms induced by it.
Consider the principal torus bundle

su@) S0, o (3.33)

A local section of the bundle (B.33) is given by 3 x 3 matrices of the form

ul el gy a, vl W o s
U = [u? g, a, v? and ot = €1pe V0 U €9pe VP UC egpev?ul | . (3.34)
u? e g, u, v* ol To s

To ensure that ¥ € SU(3), i.e. T W = ¥ ¥f = 13, the complex three-vectors u = (u®) and
v = (v*) must obey the constraints

vlu =0 and vl = wlu = 1. (3.35)

The space Q3 can be covered by four C? patches, and on one of these patches we can solve
the constraints (B.33) as

1
1
u= (u") = a(p*) = a |y with o = ——,
e = NE
vl = (ta) = o (¢a) (3.36)

1
VI+ 2zt

Here 3 and 2* with i = 1,2 are local complex coordinates on CP? and CP?, respectively,

= (zl, 22, 1) =y (y1y3—y2, -3, 1) with «a, =

such that z' is expressed in terms of the other three complex coordinates on the quadric
Q3 — CP? x CP2
A flat connection on the trivial bundle Q3 x C? is then given by the anti-hermitean

one-form
al ¥ oA
Ag = T dU = | =43 —qy —ap 72 | , (3.37)
- =
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where from (B.34) the connection one-forms aj,as € u(1) are given by
a1 = Ug du® and ay = Ug dv® (3.38)

while

A= u® d,, 7?2 = o, wy do. and V= eqpeu®v® du’ . (3.39)
The one-forms %, a = 1,2, 3, form a G-equivariant basis for the vector space of (1, 0)-forms
on @3. Since ¥ € SU(3), the canonical connection (B.37) again obeys the Cartan-Maurer
equation (B.14), from which we obtain the abelian curvature equations

fi == day = A +FAAS and fo = dag = —F' Ayt =32 AA% (3.40)
along with the bi-covariant constancy equations

dy' = (a1 —az) Ayt =7* A7 =0,
dy® + (a1 +2a2) Ay? + 91 A5 =0,
dy® — (2a1 +ax) AYP ="' AFE =0 (3.41)

The geometrical meaning of these G-equivariant fields is as follows. For a weight
p = (g, m), of the maximal torus 7' = U(1) x U(1), the induced bundle (R.1)) is the usual
homogeneous line bundle "L, ,,, — @3 of the Borel-Weil-Bott theory for the semisimple Lie
group SU(3). Since topologically SU(3) = S° x $3, one has H!(SU(3); Z) = H?(SU(3);Z) =
{0} and thus the Leray-Serre spectral sequence for the fibration (B.33) gives

H%(Q3;Z) = HYT,Z) = Z&Z . (3.42)

It follows that there are complex line bundles L) — (3, @ = 1,2, whose u(1) fluxes g;
define first Chern classes which are the generators of the free abelian group (B.42). We
can identify "L, ., with (£))%?7 ® (£L(2))®™. By Poincaré-Hodge duality, one also has
Ho(Q3;Z) =2 Z @ Z. This homology group is generated by a pair of disjoint projective lines
(CP%Z.) C Qs in the quadric Q3 — CP? x CP?. The two-forms g; intersect dually with these
projective lines as .
i

— =04, 4

27 CP{; 9 ’ (3.43)
and thus generate the monopole charges of the line bundles "L, ,,, — Q3. With the change
of basis

fi=g+g and  fo = —2¢ (3.44)

for the abelian group (B-43), the corresponding monopole gauge potentials a; have respec-
tive (Ha,, Hay)n charges (1,1); and (0, —2)p. Thus the diagonal entries of the flat connec-
tion () are connections on the respective monopole line bundles lﬁl,l, 15_1,1 and 0507_2
over 3, while from (B.41]) it follows that the off-diagonal elements define bundle morphisms

AFL A2 A~3
Oﬁo,_g L> 1£171, 0507_2 — 1£_171 and 1£_171 L> 1£171. (3.45)
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Hence (B.37) naturally defines a connection of the elementary quiver bundle over Q3
representing (R.1¢). Note that as a K&hler form on Q)3 one can choose

wes, = S (fi—f) = “F A+ AP+ A (3.46)

Analogously to the CP? case above, we consider a T-equivariant hermitean bundle

EYY — Mp given by
EY = (E1p1,1 ® (1, 1)1 MD) ® (Elpfm ® (=1,1) MD) b (Eop0,72 ® (0, =2)o MD) (3.47)
along with appropriate bundle morphisms between the En,, . such that

ElP— 1¢0*171 E1P1,1 (3'48)

Eo

1,1

Ppo,—2

is a quiver bundle over Mp representing (R.1(). Then a G-equivariant connection on the
induced bundle

gl — (Elplyl X 1£1,1) & (E1p71’1 X 1£_1,1) &b (Eopo,i2 X Oﬁ()’_g) (3.49)

over Mp x @3 is given by

AN @141y, @0 10, ®7° Oi _,®%
A= _1¢(11’1T ®,.Y3 1A—1,1®1+11p7171®(—a1—CL2) 0¢67_2 ®:Y2
—%aj_; ® —%0‘,_2* ® 2 0AY 2@ 1+10,, , ®as

(3.50)
For the curvature F = (F) given by (B.30), from the identities (B.40) and (B.41) we obtain

FU=1FY 4 (1, -2, 0¢;_2T ) A+ (L, — 100 1¢91,1T )33 A3, (3.51)
F2 = F = (1, - 1¢(11,1T "2 ) AN+ (L, — 0, 0¢5,—2T )7 A,
F33 _ 0Fo,—2 . (1%0772 . Oﬁb(J)r,—zT 0¢5r7_2) ,71 A ,Yl . (1%0772 . 0¢5,_2T o¢a_2) ,72 A ,Yz :
(d 1<Z5(11,1+1A1’1 1¢91,1 —1¢91,1 LA AR+ ( 1¢(i1,1 —0¢(J)r7_2 0¢57_2T ) ¥ AR,
F1 = (A0 1AM 008, —00%_, 0 A% AT (06, — 1601 Y05 o) 2 AT,
FB = (A% _p+1471 05,05 OAO,—2)/\,—}/2+(0¢0—’_2_1¢0_171T0¢3-7_2) 53 a1

n,
[

along with the hermitean conjugates F* = —(F®)T for a < b. In (B:5I) we have sup-
pressed tensor products from the notation in order to simplify the expressions somewhat.
Note that the off-diagonal matrix elements of the field strength carry information about
both holomorphic and non-holomorphic relations for the quiver (R.16). In particular, the
relation (R.17) is contained in F13.
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3.2 General constructions

Let £/ — X be a rank p hermitean vector bundle over the space (B.1)), associated to
an irreducible representation C*! of SU(3), with the structure group U(p) and gauge
connection A € u(p). There is a one-to-one correspondence between G-equivariant
hermitean vector bundles over X and H-equivariant hermitean vector bundles over Mp,
with H acting trivially on Mp [[[(]. Given an H-equivariant bundle E*! — Mp of rank
p associated to the representation Qk’l| I of H, the corresponding G-equivariant bundle
over X is defined by induction as

Ml =G xpy EF. (3.52)

As a holomorphic vector bundle, the action of the Levi subgroup L = H ® C, on EF! is
defined by the isotopical decomposition

EM >~ B E,®uvu, with E, = Homy(vu,, E*'), (3.53)
vEQo (K,1)

where v 57, denotes the trivial H-equivariant bundle Mp x v over Mp corresponding to
the irreducible H-module v. The holomorphic vector bundles E, — Mp of rank p,, at
the vertices v € Qo(k, 1) of the pertinent quiver, have trivial L-actions. The rank p of E*!
is given by

p= > dyp, with d, = dim(v). (3.54)

vEQo(k,l)

The extension of the L-action to a P-action is defined by means of bi-fundamental Higgs
fields ¢, ¢ € Hom(Epv,qu)(u)
holomorphic relations R(k,1) of the quiver. These holomorphic bundle morphisms realize

) which, after imposing BPS conditions, will satisfy the

the G-action of the coset generators which twists the naive dimensional reduction by
“off-diagonal” terms. This construction breaks the gauge group of the bundle E* as

Up) — JI U (3.55)
vEQo (k,l)

via the Higgs effect.
With V, the homogeneous bundle (R.1]) induced by the irreducible H-module v, the
structure group of the principal bundle associated to

&= B E,RV, (3.56)
vEQo (k,l)

is then H x Hver(k,l) U(py). The space of G-equivariant sections of a homogeneous bun-
dle (P7) induced by a representation V_ of H is in a one-to-one correspondence with the set
of H-invariant subspaces of V. It follows that the vector space of G-equivariant V-valued
(0, 1)-forms on the homogeneous space G/H is given by

QW) = W ev)?. (3.57)
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To determine the generic form of a G-equivariant, holomorphic connection one-form A
on the bundle £¥ — X, we decompose the space Q0! (End(E¥!))¢ using the Whitney
sum (B.56). Since by Schur’s lemma Hom(wv, v’ = 0y, C, corresponding to each vertex
v € Qo(k,1) there is a “diagonal” subspace

(Q"Y(End(E,,)) ®14,) & (1p, ® Q%H(End(V,))) (3.58)

in which we can choose a connection A” on the bundle F, — Mp twisted by a G-
equivariant connection on the homogeneous vector bundle V,, — G/H. To each arrow ® €
Qi (k, 1) there is an “off-diagonal” subspace Q°(Hom(E,, Epaiw)) ® Q% (Hom(Vy, Vo)),
with
0,1 G~V H
Q01 (Hom(Vy, V))& = (u ® Hom (v, <I>(v))) , (3.59)

in which we twist the Higgs fields ¢,, ¢(,) by suitable invariant dg, X d, matrix-valued (0,1)-
forms built from basis (0, 1)-forms spanning Q% (G/H)% = (u¥ ). Thus the condition of
G-equivariance dictates the form of the gauge connection A in py, dy X pg () da(y) blocks.

The Biedenharn basis. The key to making the above construction explicit is finding
a suitable basis for the irreducible representations C*! of SU(3) that is tailored to the
structure of the arrows and vertices of the pertinent quiver, which requires appropriately
assembling the invariant (0, 1)-forms into rectangular block matrices. A particularly nice
basis for this is the Biedenharn representation [[[7, [[§ which takes care of both symmetric
and non-symmetric quivers simultaneously. The complete set of d*! orthonormal basis
vectors in this basis set are denoted ‘3, m> and are labelled by the isospin quantum numbers
n = 21, ¢ = 21, and the hypercharge m = 3Y. As such, they will encode the vertices
and arrows of the quivers through the actions of the SU(3) operators as given in (R.19)
and (R.21). These states define the spin § representation of the isospin subgroup SU(2) C
SU(3) through

Ho,|d, m) = q|a, m), (3.60)
Eia1|g,m>:%\/(n:|:q)(niq+2) ‘q:ré2,m>. (3.61)

They are also hypercharge eigenstates with

Ha2‘3, m)y=m |g, m) . (3.62)

The remaining matrix elements can be determined by noting that the generators
Ea, +ass Ea, form the + 3 spin components of a spherical tensor operator of rank % with
respect to the isospin subgroup SU(2) C SU(3). All of their matrix elements can thus
be determined by applying the Wigner-Eckart theorem for SU(2) and relating the result-
ing reduced matrix elements to an irreducible SU(3) tensor [[§. The latter computation
determines numerical coefficient functions

A (n m):\/(#+%+%+2)(%+%+%+1)(@_%_%)

n+ 2

I3
|3

2k+l 4y n _ m

/\—(nm): (]H_Tm_%—i_%—’_l)(l_%—’_
AU o
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The latter constants are defined for n > 0 and we set A\, ;(0,m) := 0. For fixed k,[, many
of the constants (B.63) vanish. Then with the Biedenharn phase convention one has

n n 1 nfl n+1
Boo|d, m) = [; 2 q;zlp,;l<n,m>\q_1,m+3>
2 2 2
CE Al n-l
+[g _1 q;1:|)‘k,l(n7m)|q_1am+3>a (3.64)
2 2 2
n n 1 ntl nal
By, m) = [; : é])\;l(n,m)|q+1,m+3>
2 2 2
53], n-1
+[g 1 ﬂ:|)‘k,l(nvm)‘q4‘lym+3>7 (3.65)
2 2 2

where the square brackets denote SU(2) Clebsch-Gordan coefficients which in the present
case can be computed explicitly from the known values

. . 1 . . 1 . 1 .

5 2 1 5 j— 3 -2
Jozdtg| _ fit2amil [0 Toa] gy [I220m g
m m—+ 25 +1 ma m+ o 27 +1

The analogous relations for £_,, and E_,,_,, can be derived by hermitean conjugation
of (B.64) and (B.63), respectively.

The Biedenharn basis is related to the more conventional basis of irreducible SU(3)
tensors T for the representation C*' as follows. Introducing the SU(2) spins

O Nl

jr=2+2 4+ (k-1 (3.67)

with 25, =0,1,...,k and 2j_ = 0,1,...,[, one has the change of basis formulas

‘g,m>:Ng(n,m) Z [jJr J-

my m_ (J——m—,j—+m_,1-2j_)°
I |<jx

Nk N3

]Nl(ji m4) T(j++m+,j+—m+7k—2j+)

k+1 . . .
T(j++m+,j+—m+7k—2j+) 1 Z [J—i— J- Na(jx,n) |3 m>

(jo—m—jo+m_1-2j_) — Nl(j:l:am:l:) my m_ §:| Ng(n’m)

Qo3

(3.68)

n=0

where the coefficients Ni(ji,m+), No(j+,n) and N3(n,m) can be found in [[[§], and the
brackets (r, s, t) indicate that the tensor T" has r upper or lower indices equal to 1, s equal
to 2, and t equal to 3. From the decompositions (R.11]), (B-15) and their conjugates it
follows that the state Tgffgf;t;ﬁfﬁgﬁ) possesses definite values of hypercharge and
isospin with the values

m o= 6(js—j)—2k—1), q=2mitm.) and n = 2js+j). (3.69)

Thus the SU(2) spin j; (resp. j—) is the value of the isospin I contributed by the upper
(resp. lower) indices of the SU(3) tensor T'. With this representation it is now straightfor-
ward to write down the G-equivariant gauge connections associated to a generic irreducible
representation C*l.
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Symmetric C*! quiver bundles. We begin by noting that the flat connection B
can be written in terms of the 3 x 3 matrices of the defining representation of SU(3) from

section as

Ay = [B" H,, + B2 E,, — (B® E,,)T]
+a Hag + Bl Eal—l—ag + 52 Eaz - ﬁl E—al—ag - 52 E—az 9 (370)

where BY are the matrix elements of the su(2)-valued instanton connection By =B-als.
As expected, the (0,1)-forms 3° on CP? are coupled to the generators of the abelian
algebra u. The corresponding connection of the quiver bundle over CP? associated to the
representation C*! is then obtained by substituting into (B.7() the d®! x d*! matrices
defined by (B.60)—(B.64).

For a fixed vertex (n,m) € Qo(k,!), one has d(, ,,) =n + 1 and we write

1
By = Z <an|g,m><g,m‘—l—gBlz\/(n—q)(n—l—q—l—Z) !q—T—Z,mxg,m‘
qe{—n+2j}?:0

—%Bl? V(n+q) (n—q+2) |q32,m><3,m|> (3.71)

for the one-instanton connection B(,y = By m in the (n + 1)-dimensional irreducible repre-
sentation of SU(2). Denote by

Moo= Y. |4, m)(@,m]| (3.72)
ge{-n+27}7_,

the projection of Qk’l‘H onto the irreducible representation (n,m) of H = SU(2) x U(1).
We further write

3+ + A% 3 ")
o = Z Apa(n,m) <ﬁ [z 5 Ll]‘q—l,m—l—3><<],m‘
qe{—n+25}7_ 202 2
_rn 1 ntlq n
+ﬁ2[§ 1 é}|Q+1,m+3><Q,m|> (3.73)
2 "2

for the (n £1+1) x (n+ 1) matrix blocks of G-equivariant elementary bundle morphisms
between the nodes of the corresponding quiver diagram, and their hermitean conjugates

ﬁr:Em = _;EmT
Then the elementary flat quiver connection can be written as
Ao = Z (Bn,m-i-ma Hn,m‘i‘B,tm‘i‘B;m— ;m—ﬂg’m) . (374)

(n,m)eQo (k,l)

At each vertex (n,m) € Qu(k,l) the Cartan-Maurer equation (B.14) gives the curvature
equations

Fpy +m fuqy Int1 = B A By + Brn A Brm
+ﬁ:—1,m—3 N ﬁf—i_—l,m—3 + Bpi1m—3 N Bogim—3:  (3.75)
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along with the bi-covariant constancy conditions
A8y + B A By + Bty A Biyn — 3Bam ANa =0 (3.76)
and the commutation relations

A+ 23— e R+ R+ - _ 9= 3+
Bn,m/\ﬂn-‘rl,m—?) - ﬂn+2,m/\ﬂn+l,m—3 and 5n,m/\ﬂn,m - Bn—}—l,m—}—?)/\ﬂn—l,m—}—?, (377)

plus their hermitean conjugates. All other operator products vanish identically. In these
equations B(n) = B, ;m while B(nil) = Bp41,m+3-

We can extend (B.74) naturally to a G-equivariant gauge connection A on the bun-
dle (B56) over Mp x CP? by introducing the projection Tpnm ONto the sub-bundle
E

Pn,m

— Mp to write

A - Z (An7m ® anm + Trpn,m ® (Bn7m + ma Hn,m) (378)
(n,m)eQo (k,l)

2 — - T _— -
+ qb:,m ® ﬁr—;m + qbn,m ® ﬁn,m - :,m ® ﬁr—l—,m - ¢n,m ® ﬁn,m) .
This operator acts on the typical fibre space V! =~ CZ(nm)eQqd) Prom @ C2(nam)eo (k) (11,
The matrix elements of the curvature two-form (B.30) in the Biedenharn basis can be
computed by using the flatness conditions on Ay above to simplify the diagonal and off-

diagonal components. At each vertex (n,m) € Qu(k,l) one finds using (B.75) the diagonal
matrix elements

Fr = PP Lyt 4 (L = Gl Sim) © (B A Bim)
+ (L = ' ) @ (B A B
+ (L = Op—1m—s ¢n—1,m—3T) ® (Ba—1,m—3 N Ba—1,m—3)
+ (Lpnn = Prv1m3 ¢;+1,m—3T) ® (Br:+1,m—3 ANBpiim—z)  (3.79)

with F™™ = dA™™ 4+ A™™ A A™™ while from (B.76) and (B.779) the non-vanishing off-
diagonal matrix elements are given respectively by

fnzl:l,m+3;n,m — (d(ﬁrjz:,m +An:|:1,m+3 (Z%I:’m _ (Z%I:’m An,m) /\Br:i:,m (380)
and

Frtlma3intlm=3 _ (¢:§7m D13 — Prtom ¢;+17m_3) ® (B;[m A B;+17m_3) , (3.81)
. _ 1 _ 1 = _
f'n—l—l,m—l—?),n 1,m+3 (¢7J’L_,m ¢n,m - ¢n+l,m+3 ¢:—1,m+3) ® (67_;77,7, N 5n,m) (382)

along with their hermitean conjugates F7»*im™m = —(Fmir$)l for (r,s) # (n,m). Note
that the matrix elements (B.80)) define bi-fundamental covariant derivatives Dqﬁim of the
Higgs fields, while (B.8T) (resp. (B.83)) contain holomorphic (resp. non-holomorphic) Higgs
field relations arising from commutativity of the quiver diagram.
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Non-symmetric C*' quiver bundles. The flat connection (B:37) can be written as

1 1
Ao = (al +5 a2> Hoy = 5 a3 Hoy + 7" Eayvay + 7" Fa,

""73 Eo, — ’Yl E_a—ay — 'Y2 E_ o, — 73 E_o (3-83)

with the (0, 1)-forms 4* on @3 coupled to the generators of the Heisenberg algebra u. In
this case we label the vertices of the quiver by (¢, m)n € Qo(k,1), with d(g ), = 1 for each
one. Let

My = |7, m){q, m| (3.84)

be the projection of Ckt ‘ o onto the one-dimensional representation (g, m)y, of the maximal

torus T'. Introduce the corresponding G-equivariant (0, 1)-forms

+ 1] 2 % nT:tl + n+l n
nﬁfgﬁf)ﬂ_ = ’7 |:§ 1 q+1:| /\kJ(n’m) ‘q_‘_ly m+3><q, m‘, (385)
2 2 "2
n 1 nkl ntl "
" =T [2 ) qil} NE(nym) [q— 1, m +3)(d, m|, (3.86)
2 T2 T2
_ 1_ n
"am =57 V=) (n+a+2) Jg+2, m)(a, m], (3.87)
and the linear combinations
M = "AE A E (3.88)

along with their hermitean conjugates "’yé%)zi = n’?tgfrzmiT for k = +, plus ”'y;'fm = ”ﬁfmT

and "9, :="30, 1. The Cartan-Maurer equation (BI4) for the connection (B:83) then
yields the curvature constraints

1 _ - __ _
<Qf1 + §(q_m)f2> an,m:n’Y;:m A n’Y;:m + n’Yq,m A n’Yq,m + an((J),m A n’Yg,m

—1(+)+ -1, (+H)+ 1-(=)+ 1.,(=)+
_|_n 7q—1,m—3 A " 7q—1,m—3 + mr 7q—1,m—3 N n 7q—1,m—3

—1(+H)- -1, (+H)- 1(=)— -1 (-)—
_|_n /7q+1,m—3 A " /7q+1,m—3 + i /7q+1,m—3 N " 7q+1,m—3
3 m Ao (3.89)

along with the bi-covariant constancy conditions

_ - - 0 1-0 120 -
d”,y;:m = (al - a2) A nlyz;:m + n7q+27m A n7q,m + (n+ Yg—1,m+3 + " 7q—1,m+3) N n7q,m7
__ - _ 0 1.0 1.0 -
dn7q,m = —(a1+2az) A n7q7m_n7;—2,m A nfyq—lm_ (n+ Yg—1,m+3 T " ’Yq—l,m+3) /\n’Y;m’

_0 _0 _ _
dnlyq,m = (2(11 + (12) A n7q,m - n7q+2,m A n/)/;:m
—15(+H)+ -1, (+)— +1(=)+ +1,.(—)—
=" q+1,m—3 AT 7q+1,m—3 =" 7q+1,m—3 AT /7q+1,m—3 (390)
and the commutation relations
- 1 () )=y onae L1+ e+
anq,m (n ’Yq—i-l,m—?) +" ’Yq+1,m—3) - n7q+2,m N (n ’Yq+1,m—3 +" ’Yq+l,m—3) )

n<+ n=0 _ (n—1-0 n+1-0 n=+
Vq,m A 7q—2,m - ( 7q—1,m+3 + 7q—1,m+3) A /yq—2,m’
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—— ~0 —1z0 +1-0 ——
n’Yq,m A n’Yq—2,m = (n ’Yq—3,m+3 + " 7q—3,m+3) A n’Yq—27m7
~— 0 _ -1,0 +1.0 __
n7q,m A n’yq,m - (n ’Yq—l,m—i—?’ + " 7q—1,m+3) A n’7q+2,m’
_ 1_(— 1 (=)= _ _
Vo A AT N T = MmN Ve mes (3.91)

n——+ n_ 0 _ (n—1_0 n+1_0 n—+
Yam N "Vgm = (" Vgrrmes T Vgrimes) A " Vgiom

n—l,véj;r)b—l- /\n—l

plus their hermitean conjugates.

Then a G-equivariant gauge connection A on the bundle (B.5) over Mp x Q3 is given
by

1
A= 3 (b4 Mg+ g, © (q01+ 5 (4= m) a2) "y
(q7m)n€QO(k,l)
G E @ T F by ® " + 00 © " (3.92)

_ _ i)
- nqs(—]i:mT ® HVIm - nqsq,m]L ® n’Yq,m - ngbg,m & nlyt(;,m) .

The respective constraint equations (B.89)—(B.9]) may then be used to compute the diagonal
field strength matrix elements

q,m;q,m __ q,m _nak tnak n.K nokK
n OO = FOT 4 E: (1"Pq,m q,m ¢q7m) 7q7m/\ “Tg,m

0 0 T\ n=0 0
1npq,m =" q—2,m " q—2,m ) n’Yq—Q,m A an—Q,m? (393)

K=0,+

+ (Lopgn ="ty " s ) T A s A T
+ (l”pq,m - n+1¢;—1,m—3 n+1¢;—1,m—3T) n+1—(§:)1-7'rm_3 A n+1’7¢§:)1—j—m—3
+ (Lopgn =" b1z n_1¢;+1,m—3T) n_17¢§i)1,_m—3 A n_1%§i)1,_m—3
+ (Lnpgm — n+l¢q_+1,m—3 n+1¢;+17m—3T) n+1’7(§;)17_m—3 A n+1’7(§;)17_m—3
+(

together with the non-vanishing off-diagonal elements

nept FIFDESAM = (AQF g ATV Gl Tl AT A AT
+ - 0 ~(£)— =0
+ (n‘ﬁq,m o n¢q+27m n¢q,m) " q+2,m A n%]vm
+1 ,0 - +1-0 ——
+ (n(b;m =" q—1,m+3 n¢q,m) " ’Yq—17m+3 A n7q,m ) (394)
et FITEE A (AT g ATV G G AT A T

q7
- + 0 Ty nz(H)+ 0
- (n¢q7m - n¢q—27m n¢q—2,m ) " q—2,m A n’Yq—Q,m

B ("(;S;m B ni1¢2_17m+3T n(b;_,m) ni172—17m+3 A n:Y;:m ) (3.95)
P (070 AT 0l ) A

— (03 10— "Ogram "Gim) Varzm N "Tim (3.96)

L T I L IRY L A

("= O ms™ Bms ) s A Y
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and

L FIELmESE TS = (g T s " Ogram T Patm—3) nﬁfm/\nﬂﬁﬁ)l,_m—?) ,
(3.97)

 FattmAdiastm (gt ngd =" E) | s " e am) n%gj;r)b A "g-2.m - (3.98)
et FITHmEBAmRm — (M R0 = " ) st By 2m) " N " -2m (3.99)
( )

- : tn ()
pe FATLIES R = (Mg M nil% Lmt3 | Par2m) %gmza A"V (3.100

g+1,m+3;9—1,m+3 _ (nFl .+ n:Fl T on,— Tn + nFl(£)+ A nFl, (£)—
nt1F ( qb qm ¢q+1,m+3 ¢q—1,m+3) 7‘5777% A /7‘57772' ’

(3.101)
~(E£)+ A n.0
A, (3.102)

nilj:q+1,m+3;q+2,m _ (n + ¢ _ n+l,0 Tn n

+
gtimt3 | Parom)

along with their hermitean conjugates. Note that the matrix elements (B.94)—(B.94)
additionally contain linear Higgs field relations appropriate to the non-symmetric quiver
diagram.

3.3 Examples

In order to illustrate how to unravel the construction of section B.3 above, we now turn to
some more explicit constructions of quiver bundles and the associated equivariant gauge
connections.

Symmetric C?°? quiver bundles. The generators of sl(3,C) in the six-dimensional
representation C> are given by

Eay = V2(e12+e23) + a5, Eay, = €21+ V2 (es35 + e56) ,
Eoyta, = V2 (e14 + eq6) + €25 (3.103)

and
Hy,, = 2(e1 —e3)+es—es and Hy, = 2(e1 +ex+e3) —eqs—e5 —4eg (3.104)

along with E_,, = E(IZ and E_o, o, = E/ They satisfy the same commutation

altaz”

relations as in section B.]. Substituting these 6 x 6 matrices into (B.70) we find the corre-
sponding flat connection

B(Q) + 2a 13 Bf_—l 0

AO = —BI_J B(l) —a 12 ﬁ(] —4 5 (3105)
0 —ﬁo A —da
where
2B11 \/§Bl2 0
Boy=|-v2B2 0 V2B? (3.106)
0 —v2B12 2"
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is the one-instanton field on CP? in the adjoint representation of su(2) while

Vi o 5
Bf_y = 32 g and  fBf_, = V2 ( 52> . (3.107)
0 V275!
The corresponding G-equivariant connection (B.7§) is given by
A2'2®13+1P2,2 ®(B(2)+2a 13) (]5{71 ® BI71 0
A= —of @B, AV @l 1, @Bo—aly) ¢, ® B,
0 —¢f_a' @ B! A" @141, ,©(—da)

3.108

After using the flatness condition on (B.105) we find the non-vanishing curvature (Sompo)-
nents

Fil = F*?g 13 + (1172,2 - I—1 ¢I—1T) ® (Bf_l A BI_J) ) (3.109)

F2 = FY oL+ (L, — ¢ ¢f ) © (B ABEy)

(Lo = G50 084 © (B_a MBS ") (

FB = FO @14 (L, — oy d_) @ (B_sT ABL_Y) s (3.111

F2 = (def _y + A2 ¢f | —of AV AR, (3.112

FB = (dgg_y+ AV oy — ol AV A BT (3.113

3.110)
)
)
)

along with F% = —(F®) for a < b, where here the matrix elements refer to the 3 x 3
block decomposition in (B:10§) acting on V20 = (CP22 @ C3) @ (CPL-1 @ C2) @ (CP—1 @ C),
the typical fibre spaces of the vector bundle over Mp x CP? induced by the quiver bundle

Epy s - (3.114)

o

Ep1’71

o
E

Po,—4

From (B.107) one has the explicit matrix one-form products

281N B V2 B A B 0
BE NG = (V2B AB AL +BPABV2EIAR L (3.115)
0 NN I 262 A 32

_ _ 28 A B + B2 A B2 3l A 32

Bf AR =~ ( s BﬁZ/\ﬁﬁl B 5 /\ﬁﬁl +2652 Aﬁ2> 7 (3.116)
_ _ 21 1 A1 2

Bo a NS4 =2 (% ﬁgl §2 222> : (3.117)
Bo ATAB =28 AB "+ B NP7 . (3.118)
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Symmetric C1'! quiver bundles. The 8 x 8 generators of sl(3,C) in the adjoint rep-
resentation C™! are given by

E,, = e+ \/5 (645 + 656) + ers,

3 1
E., = e+ \/; (e23 + e37) + \/; (€25 + e57) + ess.,

3 1

Euoita, = 3 (€13 — e3g) — 5 (e15 — es8) + (ear — e26) (3.119)

along with
H,, = (e1—e3)+2(eq—eg)+ (e7 —eg) and H,, = 3(e1+ey—er—es) . (3.120)

The flat connection (B.7() in this basis is given by

Bay+3a 1y B B30 0
—Bo! 0 0 B
Ay = 00 L3 (3.121)
—B20' 0 B Bl s
0 —ﬁl_’_gT —ﬁf:_gT B(l) —3a 19

It acts on the typical fibre space QLl‘SU(z)xU(l) ~C8=C?p Co C? @ C? with

i - 2 (2 A L
Boo = B ez an Bao = 0 \/252 5
3

itk 0
Bis = \/3 (8%, -B") and B 5 = \/§52 \/g gl . (3122
0 32

The corresponding quiver bundle over Mp is given by

Ep 5 (3.123)
+ —
N
EPO,O Ep2,0
- +
¢?3\ 43
Epl,f?)
which induces a vector bundle over Mp x CP? with typical fibre space
KLI ~ ((CPLS ® (C2) D ((Cpo,o ® (C) oy ((sz,o ® (C3) D ((C;Dl,f?, ® (C2) . (3_124)
The corresponding G-equivariant connection is given by
AL3R1541y, 4 ®(By+3a 12) ¢ ® B $3.0 ® Bag 0
A= Y A0 g1 0 BT _3®Br _s
- —b50 ® Byt 0 A20@15+1p, (®B (2 ¢f _s @B _,
0 b7 5 @Byt e T @Bl it AV T3e1a41,, @By —3a 12)

(3.125)
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By using the flatness condition on (B.121]) and (B.129), the matrix elements of the curvature
two-form (B.3() with respect to the 4 x 4 block decomposition in (B.125) are found to be

fll :F1’3®12—|—( -_

+ (1pys — ¢2o¢20)
f22:F0’0®1+( 0,0 (25070
FB =F 013+ (1p,, — 63

+( P2,0 ¢1 3¢+—
FH=F" @l + (1,

+ (1171,—3 - 1,—3 ¢1,—

— 5.0 %00 ) (Bao /\BSF,OT)

(B0 A 52_,0T) ;

—b1_3013) ® (Br_s A Br_s).

20 $20) @ (Baol A Bay)
) (Bfr—?, A Bff—?j) ;

— b1y b1_s) ® (Bi_s' A BLs)

3) ® (51,—3 ABT3),

1,3 0,0\ 1 2
A ¢(J)ro_¢5r,014 )/\ﬁafm

Fi2 = (ddﬁo

FP = (ddyg + AV ¢y —
Fit = (¢oo¢1_

F¥ = ( ¢20

FH = (dqsl 3+ A e

f34 — (d(ﬁl’_

2,0
3+ A ¢1,—3_

plus their hermitean conjugates F°* =
equation (R.29) is contained in (B.133).
computed from (B.123) to get

(ﬂl ABY B A 52>

B&OAB(—)'ZOT =
52_,0/\62_7(;[ =
Bz_,oT/\Bz_,o =

Brs NBr 3" =

Bi_gT A Bi_3 =

3+ At 1
B _snB st =

Bi_sT A B

i
§
"
<

¢2_70 A2’0) A 62_707
— 65091 —3) ® (Boo N Bi—3) »
- ¢1_ 3 ¢+—3T) ® (B3 ABT_5"),

_ 1,-3 S
— ¢l 3 AVT)AB g,
b 4L=3\ A A+
B AVT)AB

(3.126)
(3.127)

—(F®)t for a < b. The holomorphic relation
The explicit matrix one-form products can be

B2 A BB A B2
sBAB B AR 5 BN
1ﬁ2/\ﬁ1 ﬁl/\ﬁl+%52/\ﬁ2

FAFP 3P 0
\fﬂlAﬂ“(ﬂlAﬂlJrﬂzAﬂz ~E
_\/;ﬁl/\ﬁ2 3 A Bl
51/\514_@/\52)
ﬁMﬁ? ﬁzAﬁl)
ﬁl/\ﬁ2 ﬁl/\ﬁl )
Bl Bt \/TBl/\ﬁ2 0

VEPAB L (BAB A LA

2B1A52

)

\ﬁﬂﬂﬂl B2 A B
BEABL+ 123 32N B

1B1/\Bl+ﬂ2/\52
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(3.136)

(3.137)

(3.138)

(3.139)

(3.140)

(3.141)

(3.142)



BioABrs= 3 B AR 1, (3.143)
Br s ABY 5" = \/g <52 NGB, —\/g (B*AB + 32N 6%, —BL A 52> . (3.144)

Non-symmetric C?? quiver bundles. For the space Q3 and the C*° representation
of SU(3), the flat connection ([8.83) is obtained by substituting in (B.103) and (B.104). The
quiver bundle over Mp in this case is given by

240 2
E2p7 o P22 %2 E2p22
1 +
¢ 1,—1 ¢1 —1
¢:1 1 —1
1.0
1 P11 o 1,-1 1
0= 0
V(ﬁa\ %47
Eopg,_4
(3.145)
and the corresponding G-equivariant connection one-form on Mp X @3 is given by
2A%2 4 20, V2 26) 5 5 0 vz ltef 5 0 0
—V2260,T 9% 2492 —ay V2262, ,5° Yol 17 Yoty 7 0
A= 0 V2200, 5,7 4% 24722 — 2(a;1 +a) 0 V2leT, ;7 0
= 3 14’?71*71 71‘1’17,71T72 0 LAL- 1+(a1+a2) 14’071,71’73 ﬁ0¢$74,71
0 “loty Tt —vEleT, T 160, 'y AT — ey VB 045,
0 0 0 V2% Tt V2 %5 142 0A% 1 4 24y

(3.146)
Its curvature (B.3() with respect to this 6 x 6 block decomposition has the non-vanishing
matrix elements

F=oF?? +2(1 2pa,o — o —1 Yol —1 ) ¥ Ay + 2(12,, — 2¢8,2 2@8,; )% A y*(3.147)
F?=v2(d 200,20 + 2477 20 5 — 200 5 24%%) A F

+V2 (268, — Loty ter )3 A2, (3.148)
f14:\/_(d1¢ _1+2A22 1¢1_1 1¢I_1 1A1’_1)/\’71

+V2 (1o 280201 1) 7 AT, (3.149)
FP=V2 (%00, 0%, ) - ¢1—11¢01—1)’73A’717 (3.150)
F2 = oF% + (Lay,, — 107 100 )71 A (L2, — 1014 15151_,—1T ) 7* A

+2 (2¢872T 2%,2 - 2¢0_2,2 2¢0—2,2 ) YA, (3.151)
f23 — \/5 (d 2¢(12’2 4 2A0’2 2¢(12’2 _ 2¢(12’2 QA_2’2) /\,73

V2 (2%, — ot YT ) A AR, (3.152)
F2U (d 1¢1—7_1 4 5 A02 1¢1—7_1 _ 1¢1—7_1 1A1,—1) A2

— (o — 2200, e et 0 ) A, (3.153)
F25 _ (d 1¢J_rl’_1 4, A02 1¢J_r17_1 B 1¢J_rl’_1 1A—1,—1) AL

+(tor o+ % —220% 5 00, 1) 7P AR, (3.154)
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F = V2 (ot %5y — o1 00 _) 7 AT (3.155)
F3B — 22 2(12737272 _ 1¢:1’_1 1¢:17_1T ) 72 A2

- ( 2p 92 2¢(1272T 2¢g2,2) T AN, (3.156)
FH =2 (2515(12,; 1<l51_,—1 - 1<l5:1,—1 1€Z5(i1,—1T )7 A, (3.157)
F5 = V3(d 1¢:1’_1 4422 1¢:1’_1 _ 1(25:17_1 ALY A 52

V2 (1ol - 2¢:2,2T Yot )t A, (3.158)
FH Ll (111)1771 B l(bl_,—lT 1¢1—7_1) A2 NA2 4 (111)1771 B 1¢(11’_1 1(25(117_1T) 73 A~3

+2( 1¢I—1T 1¢f—1 - 0¢(J)r,—4 Oﬁb(J)r,—4T )3 A, (3.159)
FP = (A% 414V, =Tl AT A

(M0t et =2 %8, %) At A2, (3.160)
FI6 = V3 (d 0¢6r7_4 4 AL o(zﬁar’_4 _ o(zﬁar’_4 0 AO1) A 51

+v2 (%05 _y = 0% 1 %05 _) VP AT, (3.161)
F¥ = 1F_1’_1 - (11;071,71 _1¢J—r1,—1h¢t1,—1)71 /\71 - (11;071,71 _1¢91,—1T1¢g1,—1)73/\73

+2( 1‘¥5:1,—1T Yo7y — g 0¢6,_4T )7 A, (3.162)
FO = \2(d Oy g+ 1AL 05— Ogo o A01) A 72

V2 (%054 - 1¢g1,—1T b0,-0) 7 A, (3.163)
6 _ OFO,—4 . 2(1%0’74 . 0¢(J)T—4T o¢ar’_4) 71 A 71

~2(Lop, , — 054 “05._4) T2 A (3.164)

plus their hermitean conjugates F@ = —(F)! for a < b.

Non-symmetric CY! quiver bundles. Our final example of this section is the G-
equivariant connection on a G-bundle over Mp x @3 related to the adjoint representation
CU1. Tt has the form

0160157 /3 507! 20507t /3 007 0 0 0
0 3% 0 \/E20007 —fetaed 0 0
0 0 0 0 \/g 0<1517,73’_72 _\/g 0¢1L1,73 3t
A= 0 V226007 0 Yol syt 0
0 \/5 2¢0—2,0’_73 \/g 1¢17,73’_72 \/g 1(Z51L1,73 ’_Yl
—he. 0 0 YoT, 37
0 9% 57°
0

+diag(1 A" +ay — ag, 1 ATV — ay — 2a9,0A%0, 2470 4 241 + ag, A%,
2 ATHY — 241 — a9, 1 AV +ag 4 2a2,1 A7 — a4y + ag) (3.165)

where h.c. indicates the hermitean conjugate of the upper triangular matrix. We omit the
rather complicated list of curvature matrix elements.
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4. Nonabelian quiver vortex equations

In this section we will describe explicitly the dimensional reduction of gauge theory equa-
tions on manifolds of the form (B.J]), in the case that Mp is a Kahler manifold of (real)
dimension D = 2d. Using the quiver bundle constructions of the previous section, we will
find that the Yang-Mills equations on X dimensionally reduce to equations on My, due to
the G/H dependence of fields prescribed by G-equivariance. In particular, we will see that
the BPS equations which give the natural analog of instantons on X reduce to nonabelian
coupled vortex equations on Moyy.

4.1 BPS equations

Let us pick a complex structure on the Kahler manifold Msg and local complex coordinates
(z1,...,2%) € C% In these coordinates the riemannian metric on X takes the form

ds® = 2g,; dz* dz° +2G;; dy' Ay, (4.1)

where g3, 1 < a,b <d, (resp. Gz, 1 <i,j < dp/2, dg := dim(G/H)) is the Kéhler metric
on Mag (resp. G/H) and y® denote local complex coordinates on the homogeneous space
G/H. The Hodge duality operator on X constructed from ([]]) is denoted *. The Kahler
two-form 2 on X is given by

Q= —2ig; dz Adz> — 2iGy; dy’ Ady . (4.2)

Let £ — X be a hermitean vector bundle of rank p with the structure group U(p) and
gauge connection A. The corresponding curvature (B.30) obeys the Bianchi identity

DAF =0, (4.3)

where D 4 is the gauge covariant derivative constructed from A. The vacuum Yang-Mills
equations are
DA(xF)=0. (4.4)

One can write the curvature two-form via its Kihler decomposition as F = F20 4 FLl 4
FO? with Fr* € Q"%(X,u(p)). Stable gauge bundles £ are then those which solve the
Donaldson-Uhlenbeck-Yau (DUY) equations

*QANF =0 and F?0 =0 = FO2. (4.5)

These equations generalize the usual self-duality equations in four dimensions, and they
imply the Yang-Mills equations given by ({.4).
In the local complex coordinates (2%,%") the DUY equations take the form

9P Frass + GI Fiy = 0, (4.6)
Fzazh Frazh s (4.7)
Foagi =0 = Foayi, (4.8)
Fy =0 = Fyy (4.9)
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for a,b=1,...,dand i,j = 1,...,dg /2. For a given quiver bundle €' — X, both ([£4)
and ([..§) dimensionally reduce to equations on My, alone for the anti-hermitean u(p,)
gauge connections

AY = AV d2° + AY dZ° (4.10)

with curvatures
F* = FY dz% Adzb 4 2FY dz% AdZP + FY dz® A d2 (4.11)

coupled to the Higgs fields ¢, ¢(,), for each vertex v € Qo(k,1) and arrow ® € Qq(k,).
With the form of the gauge potentials in the previous section, the equation (f.7) implies

[_;}B - 0 - t;}b (412)

which expresses holomorphicity of the vector bundle FE, — May;. The remaining equa-
tions (f.6), {.8) and ([£9) lead to nonabelian quiver vortex equations on Mag.

Symmetric C*! quiver vortices. Let us fix a vertex v = (n,m) € Qu(k, 1) of the sym-
metric quiver associated to the SU(3) representation C*! and substitute the field strength
matrix elements (B.79)-(B.89) in the Biedenharn basis into the DUY equations ([.6)-({.9).
The only contribution to (.§) comes from (B.8() which yields the bi-covariant Higgs field
derivatives

Day + ALTITIB gE G AR =0 (4.13)

plus their hermitean conjugates, where d; := 8%@' This expresses the fact that the BPS
bundle morphisms qﬁim are holomorphic maps. Likewise, only the matrix element (B.81)
contributes to ([.9) which implies the holomorphic relations

G Prst.m—3 ~ Prr2m Prstm—s = 0 - (4.14)

Note that non-holomorphic relations (such as those implied by the vanishing of (B.83)) do
not arise as BPS conditions.

The remaining instanton equation ([.6]) must be satisfied by the matrix elements (B.79).
A Kihler two-form on CP? can be identified locally as in (§:23). Using (B-79) the pertinent
matrix one-form products are given by

. . . ,
”7mT A 5“77’“ = Z )\kJ(n? m)
gel-nt2i}_,
2 - 5 _
X{([ﬁ 1 ﬂ} BNB +[g 1 m} B Aﬂ)!‘l,m)(q,m\
nolomflyra Lomtly 0
2 _
2 2 72 7 2 "2
3 % nT:tl % % nT:tl 2 1n n
2 _
+[g 1 MHM ! m}ﬁ NG |q’m><q+27m|}, (4.15)
2.2 2 2 2 2
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with )\f;l(n,m) =0 for n <0.

Upon contracting with (B.22), only the diagonal matrix elements survive in (f.17)
and (L.IG). It is straightforward to see from (B.66) that the sum of the squares of the
Clebsch-Gordan coefficients in each case is independent of ¢ € {—n + 2]} _o- Using the
explicit coefficient functions in (B.63) one establishes the identity

)\,ng(n— 1,m — 3)? + A (n+1,m— 3)% — iz)\kl(n m)? — T )\,;l(n,m)2 =m (4.17)

and we arrive finally at the curvature equations

g* FZGm =m+ Zﬁ )‘+ i(n, m)? ¢:§,mT ¢:f,m + 21 Aea(ny m)? ¢777mT Pn.m
- )‘—I:l( —1,m— 3)2 ¢:§ 1,m—3 ¢n—1 m—3T
—Apn+1,m— 3)° Prt1.m—3 Prt1.m— 5l (4.18)

The constant perturbation in (.1J) is just the magnetic charge m € Z at a given symmetric
vertex v = (n,m) € Qo(k,1). This is a typical feature of quiver vortex equations which will
play an important role in the following.

Non-symmetric C*! quiver vortices. Let us now fix a vertex v = (¢,m), € Qo(k,1)
of the non-symmetric C*! quiver. Then (f.§) together with the off-diagonal field strength
matrix elements (B.94)—(B.96) yield the bi-covariant Higgs field derivatives

+ q+1,m+3 n + + 4m _
8an¢q,m + n:l:lAa n(bq,m - n¢q7m nA’ - O

— q—l,m+3 — q,m
8ﬁn¢q m + TL:l:lA n¢ A

Q7m n ’
0a" B + n ALY =) AT (4.19)

plus their hermitean conjugates. From ([1.9) and (B.94), along with the explicit forms (B.66)
and (B.85)—(B.89), we obtain the linear holomorphic relations

1 _ 1 _
n¢;:m 5 (q - n) n¢q+2,m n¢2,m + 5 (q —-—n- 2) n+1¢q 1,m+3 n(bq,m = 07

1 1 _ _
qb 5 (q +n+ 2) ¢q+2 mn g,m + 5 (q + ’I’L) " 1¢2—1,m+3 " qm — 0. (420)
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These equations hold whenever )\k l(n m) # 0, and for ¢ = n the second equation is absent.
Likewise, from ({.9) and the curvature matrix elements (B.97)—(B.99) we find the quadratic
holomorphic relations

+ +1 ,— — +1
n(bq, " (b—i-lm 3_n¢+2mn ¢+1m3 07

+1
n¢q7 q 2m " ¢q 1,m+3 n¢q—27m =0,

nqsq, q 2m nilqbq 3,m+3 ¢q—27m =0. (421)

Finally, we substitute the diagonal matrix elements (B.93) into ([.q) and use the Kéhler
form (B.46) on Q3. Using the explicit coefficient functions (B.63), one finds the identity

—g+2 2
"nflr )\;l(n, m)? zi‘ll Ara(n, m)? -2 q)\,il(n—l,m—3) "ZJ‘S Apa(nt1l,m— 3% =q—m
(4.22)
which gives the curvature equations
. A (nym)? _ _
g nFE" = (Q+m)+m <(n+Q+2) "o hn "Od 20 —q+2) "o, n¢q7m>

AL (n,m)2 ) ]
% ((Tl — Q) "(Zﬁ;:mT n(b;:m + 2(71 + q) n(qu;f n(]ﬁ%m)

B )\;’l(n —1,m — 3)?
3n

T
(("+Q)n 1% Lm—3 1% 1,m—3

n—l - ne1 ,— i
+2n =) "oy O ) (429)
Aa(n+1,m— 3)?
a 3(n+2)

T
((n_Q+2) n+1¢q 1,m— 3n+ ¢q 1,m—3

— - T
20+ 4+2) "o Gt )

1
+3(n q)(n+q+2) n¢0 Jrn¢qm 3(n+q)(n q—|_2) n¢q 2mn 2—2,mT .

Again the constant perturbation is just the total magnetic charge (¢ + m) € 2Z at the
non-symmetric vertex v = (¢, m), € Qo(k,l). The expressions ({1.19)—(}t.21)) and (4.23) all

naturally incorporate the contributions from multiple arrows at a given vertex whenever

degenerate weight vectors of the SU(3) representation CFt exist.

4.2 Examples
Let us now look at some explicit instances of the BPS equations from section [L.] above.

Symmetric C1*? quiver vortices. Using (B-3]) and abbreviating ¢ := (158: _, again, the
DUY equations in this case become vortex equations on Moy given by

g FR =1, — o,
g FyTr = =2(1, ,—¢'¢),
Oz + Ay —p A2 =0 (4.24)

This system is a generalization of the standard holomorphic triple (Eq, Es, ¢ I E For
d = 2, it is related to the perturbed Seiberg-Witten monopole equations on the Ké&hler
four-manifold M, [B, [[J].
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Symmetric C?° quiver vortices. Using the Kihler two-form (B:23) along

with (B.109)—(B.113) and (B.11§)—(B.11§), we obtain the DUY equations
gaE F5é2 = 2(1172,2 - (bf,—l ¢I—1T) )
gP R = (L, - 307, el 200 0d ).
9 Fy Tt = 4Ly — 60 60_a)
Oaf_y + A7 —of _ AV =0,
8?1@5;{,—4 + Aé’_l ¢8:—4 - ¢(J)r,—4 Ag’_‘l =0. (4.25)
This system is an extension of the basic holomorphic chain vortex equations [{, .

Symmetric C''' quiver vortices. Using (B:126)-(B-144) we find the curvature equa-

tions
ab 1,3 1 + + 1 1 _ -t
g Fal_) =3(1p 5 — ) ¢0,0 ¢0,0 3 @270 ¢270 ,
b 20,0 _ _
9" Fyy = 3(d00" bt — 01501 5')
b 12,0 — _
gy = G0 b3 — ¢ _g 7 5T,
_ 1 1
17_3 - —
gab FaB = =3 <1p1,3 ) €Z51,—3Jr ¢1,_3 ) ¢+,_3T ¢+,_3> , (4.26)
the bi-covariant Higgs field derivatives
Badgo + Av® oo — o3 AT = 0,
— 13 - — 42,0
Oadag + A7" b — da A7~ =0,

Dby s+ A0 01 5 — 61 4 AV 0 =0,
8a¢+7_3 + 457 ¢+,—3 - I—g A0 =0, (4.27)

and the holomorphic relation
00 91,-3 — bo0®) 5 =0. (4.28)

We refer to this system as a “holomorphic square”. It is the basic building block for higher
representation symmetric quiver vortices.

Non-symmetric C*° quiver vortices. Using the Kihler form (B.46) on Q3 and (B.51),
the DUY equations reduce on My, in this case to

_ 1 2
b 1,1 i T
9" Fy = 2<11p1,1—§0¢5f—20¢5f—2 —§1¢91,11¢91,1 >’
7 4
~1,1 t — - f

g o = 3 (1¢91,1 1¢91,1 - 0%,—2 0%,—2 )

= 1 2

b 0,—2 0 to 0,— to,—
gfl OFal_) = _2<10p0,2_§ (258:_2 (Zsai:_g_g ¢07_2 ¢0,—2> )

0+ 1,1 0,4 0.+ 0,—2_
Oa Pp_oT145 “Pg_o— $g_2 04z "= 0,
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0.— -1,1 0 ,— 0 — 0,-2

Oa by _ot145 7 "¢ _o— P02 047 "= 0,
1,0 11140 1,0 ~11

Oa ¢_11+1A7" ¢_11— 911145 =0,

together with the holomorphic relation

0 4+ 1,0 0.— _
g9~ 911 ¢o-2=0.

(4.29)

(4.30)

We call this system a “holomorphic triangle”. It is the basic building block for higher

representation non-symmetric quiver vortices.

Non-symmetric C*° quiver vortices. From (B.147)-(B.164) the quiver vortex equa-

tions on My in this instance are found to comprise the curvature equations

- 1 2
2.2 f t
g o Fo? = 4<12p2,2 —3 for _ tel ' - 3 2002 00, ) ,
1y
3

b 10,2 T
9" Fy = 2<12p0,2 CARRRARR!

24 ,_ _ t 4 1 4 t
~3 1<251,—1 1<251,—1 + 3 2@8,2 2¢8,2 + 3 2¢(12,2 2¢(12,2 ;

b 2,2 8 _ -t t
g oF ;77 = —3 (1¢_1,—11¢—1,—1 _2¢g2,2 2‘15(1272)7

7 4

b l,—1 1,— t1,- 1,0 1,0 T T1 0 0 T
g F ;= g( R T e T R R AR NP

T 1
b p—1,-1 _ 14+ T1 .+
9" 1Fy = _2<11p1,1 ~3 R R A

2 1 4 . t1,- 4 4 _ _ i
~3 1¢g1,—1 1¢g1,—1 3 1<25—1,—1 1<l5—1,—1 + 3 0%,—4 0%,—4 )

7 1 2
b 0,—4 _ 0,4+ To 0,— to,—
g® OFaE = —4<10p0’4 3 ¢0,_4 ¢3:_4 3 ¢07_4 ¢07_4> )

the bi-covariant Higgs field derivatives

2 .0 222,0 2,0 0,2
Oa"bpo + 2477 “p2 — Qoo 247" =

1 22 1 1 1,1
6& Qﬁ—,_l + 2Aa ¢i_1 - ¢i_1 lAa =

2,0 02 2,0 2,0 22
O0a" 990+ 245" “0_g9 — Qg9 24;7" =

1, 021 ,— 1, 1,-1
Oa 11 +245" 911 — ¢1._114;
1 0,2 1 1 —-1,—-1
Oa (251—17_1 + 2Aa ¢i_1,_1 - (251—17_1 1A&

1,- -221 1, ~1,-1
Oa ¢y 1 +24;77 97 1 — 071 114s

1,0 1,-11,0 1.0 —1,—-1
Oa ¢_1,_1 + 1Aa ¢—1,—1 - ¢—1,—1 1Aa -
0 1,-10 0 0,—-4
o ¢(J)r7_4 +143 ¢6F,_4 - ¢(—{_4 0Az =

0 — -1,-10,— 0,— 0,—-4
8& ¢0,_4 + lAa ¢o,_4 - ¢o,_4 OAa -
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the linear holomorphic relations
1¢f—1 - 2¢8,2 1¢1_7_1 =0,
1 1,— 140 2,0 1,-
o e el =220, 00T, =0,
Cpg_s— %1 1"y =0, (4.33)

and the quadratic holomorphic relations

2,0 1, ,+ 1.+ 1,0 _
@0,2 ¢_17_1_ ¢17_1 ¢—1,—1 =0,

Yoty %0y — o1 "oy =0. (4.34)

5. Noncommutative quiver vortices

In this section we shall construct explicit solutions to the nonabelian quiver vortex equa-
tions of the previous section. For this, we specialize to the manifold Myy = C¢ with the
standard flat Kahler metric g,; = d4. Although it is known that solutions to the DUY
equations in 2d > 4 dimensions exist [|, fi, [Ld, [L1], they cannot be constructed explicitly
as far as we know. To get non-trivial solutions on this space, we will need to apply a
noncommutative deformation.

5.1 Noncommutative quiver gauge theory

The Moyal deformation of C® is realized by mapping Schwartz functions f on C¢ to compact
Weyl operators f acting on a separable Hilbert space H. The coordinates z* and z0 of C¢
are mapped to operators 2% and z° subject to the commutation relations

2%, 0] = ¢ (5.1)

with a constant real-valued antisymmetric matrix (9“5) of maximal rank. All other commu-
tators vanish. We may rotate the coordinates so that (%) assumes its canonical form with

90 = 25 9° (5.2)

for 6% € (0,00), a = 1,...,d. This defines the noncommutative space (Cg with isometry
group USp(d) and carrying d commuting copies of the Heisenberg algebra

A ) o

We will represent this algebra on the standard irreducible Fock module H. Recall [[J
that derivatives and integrals of fields on C% are mapped according to

Oaf = 0u (2", f]  and g dv f = (2m)? P£(O) Ty (f), (5.4)

where 05, = 0%c. For simplicity, we will drop the hats in the notation from now on.
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To rewrite the nonabelian quiver vortex equations of the previous section using the
Moyal deformation, we define the covariant coordinates

XY = AV+46;2° and XY = AU46,,2 (5.5)

a

at each vertex v € Qq(k,l) of the pertinent quiver. Then the components of the field
strength tensor can be expressed as

o= [ Xy, XY and F% = [XJ, X7 +6, - (5.6)

Likewise, the Higgs field gradients Dz¢, ¢(,) can be expressed through the X7 for each
arrow ® € Qi(k,l). Then the vortex equations reduce to algebraic equations for the
collection of operators {X", (ﬁv’@(v)} acting on the projective module V! @ H of rank p
over (Cg, where

V= P V.o (5.7)

vEQo (k,l)

with V ,, = CPv the fibre space of the vector bundle E,, — C?. For example, the holomor-
phicity equations ([.1J) become the commutativity equations

Xy, xy] =0 =[x, x7]. (5.8)

Symmetric C*! quiver modules. In the symmetric case, the system of additional
algebraic equations at each vertex v = (n,m) € Qo(k,[) reads

X o = b Xa (5.9)

o Prttm—3 = Prt2m Pt im-3 (5.10)

0 ([, Xp™ ] +04p) = m+ 2R XL (n,m)’ @tmT G + w1 Mea () b B
_A;z( —1Lm—3) —1,m— 3¢n1m 3T

— A+ 1,m = 3)? ¢n+1m 3 Onitmes - (5.11)

Non-symmetric C*! quiver modules. In the non-symmetric case, the system of ad-
ditional algebraic equations at each vertex v = (¢, m), € Qo(k,1) reads

e XgHE L = %;m X3, (5.12)
ning—l,m-‘r?: n(b— o anm (513)
nXg+2’m n¢2,m = qbq m nXg m’ (5'14)
1 _
n(bt—]i_,m = 5 (q - n) n¢q+2,m n¢2,m
1 _
- 5 ((] -n- 2) n+1¢2—1,m+3 n¢q,m ’ (515)
1
nqb;_,m = 2 (q +n+ 2) ¢q+2 m " g,m
1 n—1 4,0 n —
- 5 ((] + n) ¢q—1,m+3 qbq,m 9 (516)
+1 — +1
n¢¢17 " ¢q+1 m—3 — n¢q+2,mn ¢q+1 m—37 (517)
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n¢+ (bq 2m — net 0 —1,m+3 (bq 2,m (518)

"9q qbq 2,m =l 0 —3,m+3 ¢q 2m (519)
ab m ) L
0% ([n X4 anXg 1 +64) =
AT (n,m)?
(Q+m)+%<(n+q+2) gt TGt A 2(n—g+2) ”qﬁ;mT%;m)
/\,;l(n,m)2 . o
m«n—(ﬁ ol "ot 200+ q) "y ¢qm)
M (n—1,m —3)?
- : n <(n+Q)n 1¢q 1,m— 3n 1¢q 1,m— 3Jr

-1 ,— -1 ,— T
+2(n—q) " 1¢q+1,m—3n 1¢q+1,m—3 >
Apa(n+1,m— 3)?

1 1 T
3(n+2) ((n_q_’_2)n+¢q 1,m— 3n+¢q 1,m—3
- - T
+2(n+q+2) n+1¢q+1,m—3 n+1¢q+1,m—3 )
1
+§(n_Q)(n+Q+2) n¢0 fm qm
1 n 0 T
- g (Tl + Q) (n —q+ 2) q 2m q—2m (520)

5.2 Finite energy solutions

We will begin by constructing finite energy solutions of Yang-Mills theory on the noncom-
mutative space X = (Cg x G/H. In the generic (non-BPS) case, the gauge group of the
quiver gauge theory of section .1 above is

=TI U (5.21)
vEQo (k,l)

The corresponding reduction of the Yang-Mills action on X, regarded as an energy func-
tional for static quiver gauge fields on R%! x (Cg in the temporal gauge, is given by computing

1
By = — Pf(276) Try kg (F A *F) . (5.22)
4 G/H

Fix an integer r with 0 < r < p and introduce a collection of partial isometries T,
v € Qo(k,l) on H realized by p, x r Toeplitz operators obeying

T, =1, and T,T) =1, —P,, (5.23)
where P, = PJ = P2 is a hermitean projector of finite rank
NU = TrZU®H(Pv) . (524)

Such operators T, can be constructed explicitly from an SU(3)-equivariant version of the
noncommutative ABS construction, analogously to the SU(2) case of [l]l. We will return
to this point in the next section. We make the ansatz for the gauge connections given by

AL =04 (T, 2T - 2), (5.25)
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which yields the field strength components

1
(;}b =0 = F;* and F:l; = eaB Pv = Twéab PU (526)

at each vertex v € Qo(k,1). The details of the ansatz for the module morphisms ¢, ¢y)
depend on the particular quiver. In the following we will use the projector

P= Y PRI, (5.27)
vEQo(k,1)

where II, is the projection of Qk’l|  onto the irreducible H-module v.

Symmetric C*! quiver modules. At a given symmetric vertex v = (n,m) € Qo(k,!)
we use the partial isometries 75, ,,, above to construct the operators

O m = Tnt1mrs T - (5.28)

With the ansatz (5.2§), one sees that both the holomorphic relations (p.10) and the non-
holomorphic relations

‘ﬂ,m ¢r_L,mT = 515;+1,m+3T ¢r-t—1,m+3 (5.29)

are satisfied. These conditions are necessary to yield a finite Yang-Mills action below.
Moreover, with this ansatz one easily checks that the covariant constancy equations (p.9)
are satisfied, along with

+ + + +
¢n,mT (bn,m = 1pn,m - Pn,m = ¢n:F1,m—3 (bn:Fl,m—?)T : (530)

Thus for our ansatz the off-diagonal field strength components (B.80)-(B-82) all vanish.
The reduction of the energy functional (p.29) is therefore given by substituting (B.79) in
the basis {3 A3/} of (1,1)-forms on CP? using the Kéhler metric given by (B.23) and ([£1)
with g,; = dap to get

d
Eym = 2 P£(2760) vol(CP?) Z (n+1) Z Trkn,m®H‘F;%’m‘2 (5.31)
(n,m)€Qo (k,1) a,b=1

I (T \f;;m%"’mf+2\fgm%"’mf)],

where we use the matrix notation |F|? := § (FTF + F FT). We substitute (5:24), (£-30)
along with ([E15), (f:14) and the explicit Clebsch-Gordan coefficients (B.66). Using the
identity (f.22) along with the actions of the SU(3) generators in (B.60) and (B.63), one
finds the curvature components

1 1
Fii = —§P(Hal + H,,) and Foy = §P(Ha1 — H,,) . (5.32)
Using the identity

1 )\;l(n —1,m—3)%+ %4_2 Apa(n+1,m— 3)2 — L )‘2—,1(”7 m)? — L A, m)? =1 (5.33)
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along with (B.61)), one also finds

Fis=-PE_q, . (5.34)
It follows that
\Fiz]” + | Fos|” + 2| Fis|” = PCo(H), (5.35)
where
Co(H) = (Boy E_oy + E_q, Eqy + % 2)+ % 2 (5.36)

is the quadratic Casimir operator of the holonomy group H = SU(2) x U(1). In the

irreducible representation (n,m), it acts as the multiplication operator by the eigenvalue

%n (n+2)+ %m2, where we have used the fact that the summation range over isospin is

symmetric under reflection ¢ — —q.
After tracing over the representation spaces (n,m) =2 C"*! in the last line of (5.31),

we arrive finally at the Yang-Mills energy

Byy =2 Pf(2m60) vol(CP?) > Try.  on(Enm Pom) (5.37)
(n,m)€Qo (k,1)
where ;
1 1 1 1,

The quantity (f-38) is the finite energy density at the symmetric vertex v = (n,m). The 6-
dependent term is the Yang-Mills energy of vortices on (Cg [B0), and in the total energy (p.37)
it can be interpreted as the tension of N DO-branes bound inside a collection of D(2d)-
branes in the Seiberg-Witten decoupling limit [[L9], where

Ne= Y (n+1)Nym. (5.39)
(n,m)€Qo (k1)

The second term in (H.3§) is the angular momentum contribution from the isospin

I = 5 of the instanton gauge potential By, ;,. The third term is recognized as the Yang-
Mills energy of a monopole on the projective plane CP? of magnetic charge m € Z (in
suitable area units for the embedded two-cycle CP' < CP?). The charge one SU(2)
instanton on CP? also contributes overall multiplicity factors (n + 1) corresponding to
the dimension of the irreducible SU(2) representation it lives in at the vertex (n,m). The
correlation between monopole and instanton quantum numbers is a consequence of the fact

that the instanton bundle can be realized as the SU(2)-bundle
I =25°x,SU(2) (5.40)

associated to the Hopf bundle (B.21)) by the diagonal representation p : U(1) — SU(2).

Note that in contrast to the SU(2)-equivariant quiver gauge theories based on the
symmetric space CP' [[], [, the ansatz (F-2§) automatically yields a finite Yang-Mills
energy, without the need of multiplying them by suitable coefficient functions on Qq(k,).
We are free to multiply the field configurations (5.2§) by arbitrary complex numbers of
modulus one, which are functions on Qq(k,l). By working in the basis generated by the
canonical one-forms 4 and 5° on CP2, one can straightforwardly adapt the proof of H) to
show that our ansatz solves the full Yang-Mills equations (f4) on X = C¢ x CP2.
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Non-symmetric C*! quiver modules. At a non-symmetric vertex v = (¢, m), €
Qo(k,1), we use the partial isometries "Tj, ,, above to construct the operators

n .+ _ n*l n n  — _ n*l n
¢q,m — Tq+1,m+3 Tq,mTy ¢q,m — Tq—l,m+3 Tq,mTa

n(ﬁgvm " q+2,m nTvaT ? (541)

where the values n + 1 depend on the particular weight vectors (g, m),, as in (R.21)). With
this ansatz one has the linear holomorphic relations

n¢;m = n¢;+27mn¢2,m and n(bc—]i_,m = ni1¢q 1,m+3 n(b;m (542)

which together imply (f.15) and (F.16), and one also has the quadratic holomorphic rela-
tions (p.17)-(p.19). Moreover, one easily checks the linear non-holomorphic relations

- _ + - _ n#l +
n¢q,m =" q—2,m ¢q 2m and n¢q7m =" ¢q 1m+3Jr ¢q7m’

n 10 o on - n n 0 _ n*xl n+l  —
qm ¢q-|—2,mJr (bq,m and qgm ¢ g+1,m—3 ¢q+17m_3T (5'43)

as well as the quadratic non-holomorphic relations

— 0 +1 —
n¢q,m n¢q,mT =" ¢q 1 m+3T n¢q+27m )
+1 4+ nEl — f _ +
" ¢q7mn ¢q7mT - n¢q+1 m-l—?»Jr n¢q 1,m+3>
0 t _ ntl 0 +
n¢;—,m n¢q,mT =" q+1, m—}—?)]L ¢q+2,m . (544)
As the covariant constancy equations (5.19)—(p.14)) are also easily verified, it follows again
that for our ansatz all off-diagonal field strength matrix elements (B.94)—(B.102) vanish.

The reduction of the Yang-Mills energy functional (5.22) is given by substituting (8.99)
in the basis {y¢A7%} of (1, 1)-forms on Q3 and using the Kéhler metric given by (B-4§) to get

d
2
Evv =2 Pf(27‘(’ 9) VOl(Qg) Z Tr”Zq,m@J(%m)n@H Z |nF;1ém (545)
(g;m)n€Qo (k1) a,b=1
4 /1 . . .
G e S A e 2>] |

We use the explicit expressions (p.26), (B.85)—(B.8§) and (B.66), along with the projector
identities

ng+ tnx _ n _ 0 Tn
Lnpgm — ¢q7 ¢q7m = "Fym = "Pq,m ¢ ¢q m>
n+1 n+1 _n _ n:l:l n+1 T
]'"Pq,m qu 1,m—3 ¢q 1,m—-3 — Pq7m - ]'"pq,m - ¢q+1,m 3 ¢q+1 m—3
n 0 n 0 f _n
1”pq,m - q—2,m ¥Yq—2,m — Pqﬂn : (546)

Using (B.60), (B.62) and the identity ({£.29), we find the curvature components

1 1
Fii = —5PHoy + Hoy) . Fp = 5P(Hoy—Hoy) and  Fog = —PH, .
(5.47)
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In this way we arrive finally at the Yang-Mills energy

1
Eyy = 5 Pf(276) vol(Qs) > Tray,.en(am "Pam) (5.48)
(a;m)n€Qo(k,1)
where
d
1 4 1

Eqm = QL +3 <q2 + g + 1 qx2/> (5.49)

a=1
is the finite energy density at the non-symmetric vertex v = (q,m),, and we have

introduced the additional charges

w = —5@-m ad gy = g(gtm). (5.50)
The meaning of the new charges (5.50) can be understood from the concept of “U-
spin”, an electromagnetic analog of isospin. Recall that the quantum number ¢ € Z
is twice the third component of isospin in the subgroup SU(2) C SU(3) generated by
Ey,,,Hy,, with E,, acting by shifts ¢ — ¢ + 2 and leaving the hypercharge quantum
number m invariant. The U-spin subgroup of SU(3) is the SU(2) subgroup generated by
the operators E ,,, i (Ha, — Hy,). All states in a U-spin multiplet have the same electric
charge eigenvalue Yy := —% (g+ %), the U-spin analog of hypercharge. Thus the magnetic
charge qu € Z is twice the third component of U-spin. The Weyl subgroup S5 C SU(3)
takes isospin into U-spin, and the explicit transformation of states in the Biedenharn
basis for C*! can be found in [[§. The operator E,, shifts gy — qu + 2 and leaves
my := 3Yy invariant. Likewise, the “V-spin” subgroup SU(2) C SU(3) is generated by
E (a14a2)s % (Ho, +H,, ), with associated quantum numbers gy € Z shifted by qy — qy+2
and my := 3 (¢ — 2) invariant under the action of Eq, {q,.
Thus the vertex energy (b.49) contains that of three non-interacting charges on Qs,
one for each arrow of the non-symmetric quiver. The sum of these charges is the total
magnetic charge

¢g+qut+qvr=q+m (5.51)

at the vertex v = (¢,m),. Note that the energy density is independent of the degeneracy
label n. The energy of the V-spin charge is down by % due to the area of the embedded
two-cycle CP' dual to the (1,1)-form 7' A5 on Q3 (see (B:46)). All of this is qualitatively
similar to the quiver energies associated to the symmetric space CP' x CP! L3, which
also carry abelian vertex charges but only two arrows per vertex. For the present solutions
the noncommutative vortex number is now

N = Z anJI’L 3 (552)
(¢:m)n€Qo (k,1l)

and the verification of the Yang-Mills equations on X = (Cg X Q3 proceeds exactly as out-
lined before in the basis generated by the canonical one-forms v* and 3% on (J3. As expected
from the construction of section B.2, the sum over monopole charges ¢ at fixed isospin n,
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mimicking the integration over the CP! fibres of the twistor bundle (B.33), maps the non-
symmetric energy density (f.49) onto the symmetric one (p.3§) via the summation identity

1
> q2=§n(n+1)(n+2). (5.53)
q€{—TL+2j}§L:O

5.3 BPS solutions

The solutions obtained thus far are generically unstable non-BPS solutions of the Yang-
Mills equations on X = (Cg x G/H, due to the presence of non-trivial vacua at more than

one quiver vertex in Qo(k,!). Using the identities ({.17) and (4.22)) it is easy to see from
the projector equations (5.26), (5.30) and (5.44) that the ansitze of section .3 above are
incompatible with the BPS equations (.11) and (f.2Q) if more than one projector P, is
non-zero. To obtain non-trivial BPS solutions we need a more specialized ansatz inside our

previous ones. Let us set p, = r for all v # vy, where vy € Qo(k, 1) is a distinguished vertex
of the pertinent quiver. A natural choice for vy comes from the choice of trivial SU(2) spins
j+ = 0in (B:67) and (B.69), for which n = ¢ = 0 and m = —2(k—1). The gauge group is now

s = U(pyy) x U(r)#QED=1, (5.54)

where the number of quiver vertices #Qq(k,l) = (kK + 1) (Il + 1) in the symmetric case
while #Qq(k,1) = d®! in the non-symmetric case is the dimension (B1§) of the irreducible
SU(3) representation C*+.

At each vertex v # vy, we take the vacuum solution with A} = 0 and trivial module
morphisms ¢, () = 1. At v = vg we take the partial isometry ansitze of section 5.9
above. In both symmetric and non-symmetric cases, the vortex number of this solution is
N = N,,, and the noncommutative vortex equations require a non-trivial relation

41
Z e = Ak = 1) (5.55)

between the noncommutative geometry and the geometry of the coset space G/H. By
putting P, = 0 for all v # vg in (f:37) and (f.4§), from (p.5§) one finds that the BPS
energies are proportional to the vortex number N with proportionality constant dependent

only on the geometry of the noncommutative space X = (Cg x G/H. Note that the con-
straint (5.55) requires k < [. For k > [ one can straightforwardly modify the constructions
of this section with some 6% < 0.

6. Topological charges

The class of solutions constructed in the previous section only exist when the system is
subjected to a noncommutative deformation. In this final section we will compute their
topological charges in order to further unravel their physical meaning. We will do this in
three independent but equivalent ways. Firstly, we shall calculate the instanton charges
directly in the original Yang-Mills gauge theory on X = (Cg x G/H. Secondly, we will
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demonstrate how the topological charges can be elegantly understood in terms of the K-
theory class determined by the partial isometries which parametrize the noncommutative
instantons. Finally, we will show that these charges also coincide with the Euler char-
acteristic of a certain complex which is canonically associated to the vortex solutions of
the quiver gauge theory on Moy = (Cg. These latter two constructions illustrate a novel
interpretation of our classical field configurations in terms of D-branes.

Although our treatment of the DUY equations in general dimensions primarily relates
to the stability of holomorphic vector bundles over Kéhler manifolds, for appropriate values
of d one has contact with the D-brane picture in bosonic or supersymmetric string theory.
The standard interpretation of the noncommutative configurations at each quiver vertex is
that of an unstable system of DO-branes inside D(2d)-branes (this is done in detail in [Rd]),
in the presence of a constant B-field background and in the Seiberg-Witten scaling limit.
This is done by calculating both the tension (first term in (f.3§) and (f.49)) and the spec-
trum of small fluctuations about each instanton configuration, in a (boundary) conformal
field theory analysis. The difference in our case is that a system of D-branes excited at
only a single vertex is stable on its own (consistently with what is found in section 5.3).
This is due to the monopole/instanton fields carried by the branes via the dimensional
reduction, whose topological charges prevent a decay to the closed-string vacuum. It is a
generalization of the flux stabilization mechanism of Bachas-Douglas-Schweigert [1].

The D-brane interpretation works in principle both in bosonic string theory and in
type IIA superstring theory. The latter is probably more desirable, as only in that case
is there a notion of Ramond-Ramond charge, as is implicit in our interpretation. As for
the fermionic sector, we are following the standard prescription in obtaining BPS solutions
— we set all fermionic and auxiliary fields to zero. There is no problem in adding in
fermions, supersymmetric or not. The D-branes are thought to wrap topologically trivial
worldvolumes R?? (only for those and not for general Kihler manifolds we put forward the
D-brane interpretation) in a constant B-field background, hence the Freed-Witten anomaly
automatically vanishes.

6.1 Chern-Weil invariants

We will first present a field theoretic derivation of the topological charges of the multi-
instanton solutions in the original Yang-Mills gauge theory on X = (Cg x G/H. Given the
G-equivariant vector bundle (B.5d) over the Kéhler manifold X, we may construct various
topological charges classifying our gauge field configurations by taking products in compli-
mentary degrees of the Kéhler two-form ([.J) and of the curvature two-form (B.30) repre-
senting the usual Chern characteristic classes of the bundle £¥!. For each j =1,...,d+ dTH,
we define Chern-Weil topological invariants of %! by

Qd+dm /2]
(d+du/2—j)

Ch, <5’fvl> _ 1 (i)j Pf(27 0) Ty (F7) A (6.1)

gt \on G/H

The quantity Ch;(£¥!) is proportional to the degree of the bundle £, while Chy(£¥?)
is proportional to the Yang-Mills action (5.23) in the BPS limit [T, [§]. Many of these
charges will in fact vanish for topological reasons.
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In this section we will consider only the top degree j = d + dTH Chern number
Chytay, /2(5k’l), and refer to this as the instanton charge () for brevity. Explicitly, one has

1 i \d+dm/2
Q::—(—> Pf(27r€)/ Tr k. (.7:/\---/\.7:). (6.2)
2 VP'OH \ S e
<d+dH/2>! m G/H d+dr /2

To compute the integral (6.J), we note that generally for the gauge field configura-
tions (B.29), (p.26), the non-vanishing components of the field strength tensor (B.3() on
X along (Cg are given by

i
e
where P is the projector (p.27). The remaining details of the computation depend
explicitly on the particular quiver.

f2a—1 2a — 2ifa& = - P? (63)

Symmetric C*! quiver charges. By working as before in the basis {8° A 37} of (1, 1)-
forms on CP?, the instanton density in (b.2) may be calculated as

1 pap2dta ...
(d+2)! € fuluz f#2d+sﬂ2d+4

- (%) P <_ i (HZ, —HZ)) — % (Eay E—a, + E_q, Ea1)> (6.4)

= (—1)? (Fi2Fsa - Faa1 24) (Fi1 Foz — |F1z?)

after substituting the field strength components (6.3), (5-33) and (5.34). After tracing over
the representation spaces (n,m) = C"*! using (B:60)-(B:63) and symmetry of the isospin

summation over ¢, one finds

12 2 1 2

Q= (%> wl(CP?) 3 D) (m’ —n(n+2) Try,,e(Pam),  (65)
(n,m)€eQo(k,l)

where vol(CP?) := f(CP2 BY A BY A B2 A B2, The normalization can be fixed by recalling

from section B.1] that the Kihler two-form (B.23) on CP? determines the generator [n] of

the integer cohomology ring H?*(CP?2;Z) through

W, 2
n=5 (6.6)
s

with the intersection numbers

/CPlnzlz/cpznAn (6.7)

for any linearly embedded projective line CP! ¢ CP2. This fixes vol(CP?) = 2(27)?, and
the topological charge is finally given by

Q= Z % (n+1) (m2 —n(n+ 2)) Npm . (6.8)

(n,m)eQo(k,l)

Note that (p.§) is indeed integer-valued as (n,m) have the same parity.
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Non-symmetric C*l quiver charges. In the G-equivariant basis of (1,1)-forms on
Qs3, the instanton density in (p.9) is given by

TR T s Flinayspsare = (_i)3 (f12 Faa- - Faa— 2d) (‘7:1I Fa ‘7:33)

- (%) P G (HZ, —ng)Hm) (6.9)

after substituting the field strength components (6.3) and (5.47). After tracing us-

ing (B80), (B:63) and (5:50), one finds

1
(d+3)!

113
Q= (ﬂ) vol(Q3) Z qqu qv Tray . en ("Pym) (6.10)
(‘Lm)neQO(kvl)

where ,
vol(Q3) = N Ay (6.11)
Qs g=1

The normalization can again be determined by examining the generators of the integer
cohomology ring of the space Q3.

For this, it is convenient to use the description of Q3 as the twistor fibration (B.33).
Since this is a sphere bundle, we may write down the corresponding Gysin long exact
sequence relating the cohomology groups of Q3 and CP2. Since the cohomology of the
projective plane is concentrated in even degree, it implies that all odd degree cohomology
groups of ()3 vanish and the even degree ones are determined by the short exact sequences

0 — HY(CP*;Z) T HY(QyZ) = HY*(CP*;Z) — 0 (6.12)

for j = 0,1,2,3, where 7* is the usual pullback and 7, is integration along the CP" fibre.
Setting j = 3 shows that the generator [r] of H®(Q3;Z) = HY(CP?;Z) is given in terms of
the generating element [n] of the cohomology ring of CP? through

m(T) =nAn, (6.13)

with

/ r=1. (6.14)
Qs
Recall from section B.] that H?(Qs3;Z) = Z[o1] © Z[o3] where

Setting j = 1 in (B.19) shows that a consistent choice of basis is given by setting 7*(n) = o1,
7«(01) = 0 and 7. (02) = 1, so that m, can be represented by integration over the two-cycle
(CP(lz) C Q3. Then from (p.13) with j = 2 it follows that 7*(nAn) = o1 Aoy and 01 Aog gen-
erate HY(Q3;Z) &2 Z®Z, with (01 Ac1) = 0 and 7. (01 Acoe) = n. Hence by (f-13) we have

T=01 Aoy Aoy . (6.16)
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On substituting (6.15), (B.44), and (B.4Q) into (6.16) and (f.14), we fix the normaliza-
tion (B.11]) as vol(Q3) = 2(27)3. For the topological charge (f.10) we thus find

1
Q = -2 Z q4quU qv an,m = Z 5 q (q2 - m2) an,m . (6'17)
(@;m)n€Qo(k,1) (g;m)n€Qo(k,1)

Now @ € 27 since the integers (g, m),, have the same parity.

6.2 K-theory charges

We will now describe a natural interpretation of the instanton charges (p.§) and (6.17) in
terms of equivariant K-theory and brane-antibrane annihilation on the manifold My, using
the explicit solutions we have constructed in section .2, The main physical idea is that the
instantons on X = CJ x G/H can be interpreted as a system of p coincident D(2d + dj)-
branes wrapping the coset space G/H, with the G-equivariance condition splitting the rank
p as in (B.54)) and wrapping G/H with instanton and monopole fields. After dimensional
reduction, we are left with an equivalent system of D(2d) branes and antibranes carrying
the appropriate topological quantum numbers, which stabilize the marginally bound space-
filling brane configurations. On the subset of branes at vertex v € Qq(k,!) there lives a
Chan-Paton gauge potential AY € End(E,, ), and neighbouring subsets are connected by
Higgs fields ¢, ¢(,) € Hom(E),,, Epaw)
The BPS vortex configurations of section .3 are stable bound states of M D0-branes inside
the system of D(2d)-branes, where M = (#Qo(k,l) — 1) N. We will now explain how a
particular K-theory construction naturally leads to this physical picture.

) corresponding to massless open string excitations.

The noncommutative instantons are classified by the G-equivariant K-theory group of
X which may be computed via the equivariant excision theorem to get

Kg(X) = K(;(G XH Mgd) = KH(Mgd) . (618)
Since H acts trivially on Mg, this group reduces to the product
Ka(X) = K(Myg) @ R(H) (6.19)

of the ordinary K-theory of Msg with the representation ring of the subgroup H. The
K-theory charge is thus computed by finding appropriate representatives for each of these
factors in the quiver gauge theory.

We start with the second factor. Collapsing Ms, to a point in (p.19) shows that

R(H) = K¢(G/H) . (6.20)

It follows that the classes in R(H) may be constructed from appropriate representatives
of the homogeneous vector bundles (2.1)), and (p.19) is equivalent to the isotopical bundle
decompositions given by (B.53) and (B.5€). Under the isomorphism (B.57), we can use the
index class of the equivariant Dirac operator J) in the background of quiver gauge fields on

the homogeneous space G/H which live in the second component of the subspaces (3.5§).
Denote by I, v € Qo(k,l) the spin® Dirac operator in the background G-equivariant
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gauge fields corresponding to the irreducible H-module v (see e.g. [R2-[R4] for explicit
constructions). In a suitable basis, there are chiral decompositions

0 Py
p= > peol= Y <JD‘ 0)®HU (6.21)

vEQo(k,l) vEQo(k,I)

into twisted Dolbeault-Dirac operators lDf
For each vertex v, there is an index class

index(,) := ker () S ker (D)) (6.22)

in the G-equivariant K-theory of G/H, whose virtual dimension is the index of the Dirac
operator ID,. In analogy to the quiver gauge theories based on the symmetric space
CP! [H, [13), we will call the gauge field excitations on Myy associated to vertex v a brane
if ker(I;) = {0} and an antibrane if ker(]p]) = {0}. This associates K-theory charges
on G/H to D-brane charges on Ms,. Note that these are not the same as the topological
charges associated to the gauge field configurations of the homogeneous vector bundle (P.1)).
By the Atiyah-Singer index theorem

index(p,) = /G/H ch(V, ® L) A A\(G/H) , (6.23)

where the complex line bundle £, — G/H determines the spin® structure. Hence the K-
theory charge generally couples topological charges with both the U(1) charge ¢;(L.) of the
spin® fermion and the Pontrjagin numbers of the tangent bundle to the coset space G/H.
Such curvature couplings are a standard feature of D-brane charge. (In the CP! case,
the two types of charges agree as the index of the Dirac operator coincides with the first
Chern number of the m-monopole line bundle over CP!.) The class (p.23) represents the
symmetric spinors which survive the G-invariant dimensional reduction from X to Msy in
the G-equivariant ABS construction of K-theory classes on R%¢ M, [L3). We will denote the
respective disjoint vertex subsets corresponding to branes and antibranes by Q(jf C Qo(k,1).

Let us now describe the first factor in (p.19). The Toeplitz operators T, obeying (5.29)
determine an index class

index(Tj) = ker (TJ) o ker(T,) = ker (Tj) ~ cM (6.24)

in the K-theory group K((Cg). The rank of the corresponding projector P, is the index of
T , Ny = index(T i ), and P, projects the noncommutative quiver bundle V5! ® H onto the
finite-dimensional quiver module

T:= @ index(Tj). (6.25)
vEQo (K1)

Using the chirality grading introduced above, we define a Zs-grading of the fibre space (p.7)
by
vkl = v, eVv._

with V, = @ V,@u. (6.26)
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Using the explicit instanton solutions of section f.2, we will demonstrate how to construct
odd operators
T:V,®oH — V_®@H with T? =0 (6.27)

from the Toeplitz operators 7.

This defines a two-term complex corresponding to the basic brane-antibrane system
with tachyon field T'. Its cohomology is a representative of the K-theory Euler class generat-
ing K((Cg). The single brane-antibrane system is obtained by a “folding” of the component
branes and antibranes at the vertices of the quiver, as dictated by G-equivariance. A de-
scription of the moduli involved in this folding process will be given in section below.
The tachyon field (p.27) has an isotopical decomposition T' = > veQo(ky) Tv ® 1Ly, and
putting everything together the virtual module

7= @ index(T',) ® ker(D,) (6.28)
vEQo (k1)

is the K-theory class in (p.19) we are looking for. We will see that the associated K-theory
charge on My, i.e. the virtual dimension Q of this module, is canonically related to the
topological charge @ on X computed in section [.1] above, i.e. the topological charges of
the instanton gauge fields before the dimensional reduction.

The crux of the construction, in addition to an explicit determination of the Dirac
index, is thus an explicit model for the tachyon operator () It naturally appears in a
graded connection formalism [{, which is a rewriting of the equivariant gauge theory
on X as an ordinary Yang-Mills gauge theory on the corresponding quiver bundle over
Msg4, appropriate to its interpretation in terms of brane-antibrane systems on Msy. With
respect to the Zs-grading (f.24), the even “diagonal” parts of the graded connections are
built from the gauge connection one-forms as

A= > AgI, (6.29)
vEQo (k,l)

in D ,eqq k) Q%Y (End(E,,)), along with similar formulas for the equivariant gauge po-
tentials in B, cqq k. QOY(End(V,))¢. The odd zero-form components of the graded con-
nections determine the tachyon fields (6.27) and are associated with the “off-diagonal”
subspace of Q%! (End(E®))H given by

EB EB Q°(Hom(E,,, qu)(v))) ® Hompg (v, ®(v) ), (6.30)
vEQo(k,l) P€Qi(k,l)
where we have used H-equivariance. The details of the construction again depend on the

particular quiver.

Symmetric C*! quiver charges. By Kiinneth’s theorem, the representation ring of
the holonomy group H = SU(2) x U(1) is the product R(H) = R(SU(2)) @ R(U(1)). As in
the CP! cases, using the isomorphism (.20) we can identify the representation ring of U(1)
with the formal Laurent polynomial ring Z[L, LV ] generated by classes of the monopole

— 51 —



line bundle over CP2. The class of £ is also tied to the (reduced) K-theory of the projective
plane itself, which is generated by £ and L& L. By constructing irreducible representations
of SU(2) in the standard way through symmetrizations of the fundamental representation
2, there is an isomorphism R(SU(2)) = Z[2] which under (6.20) can be identified with
the formal polynomial ring in classes of the SU(2) instanton bundle Z — CP?. The
representation ring may thus be presented as

RH) = ZI|QZ[L, LY ] . (6.31)

We will represent classes in (6.31)) by using the Dirac index on CP?. As we now
demonstrate, the index of the spin® Dirac operator on CP? in the background instanton
and monopole fields associated to the representation (n,m) of H is given by

1

= )t D men—1) = L) (m>—n(n+2)—1). (6.32)

index(D,, ,,,) 3 3

The Dirac spectrum was determined in [24] in the following way. By identifying the Lie
algebra g© = sl(3,C) with the Lie algebra of complex left-invariant vector fields on the
group G, we get a natural action of the universal enveloping algebra U (g®) on C*(G). The
quadratic Casimir element

Cy= > (BaE_o+E_oFd)+ ! (H2, + HZ,) (6.33)

2
aceAt

thereby induces an invariant second order differential operator, which coincides with the
metric Laplace-Beltrami operator on CP?. Up to curvature terms, this operator coincides
with the square of the Dirac operator. Its spectrum is given by the quadratic Casimir
eigenvalues

Co(k,1) :%(k:(k-+3)+l(l+3)+kl) (6.34)

in the irreducible SU(3) representation CFt. After coupling to the background gauge
fields, the twisted Laplace-Beltrami operator can be expressed as a difference of the
quadratic Casimir operators (.33) and (m)

Using the construction of section R.d, the Dirac kernels may thus be determined by
the G-module C*»mlnm which minimizes the Casimir invariant (5.34), subject to the con-
straints (B.69) that C*nm:nm contain the representation (n,m) of H = SU(2) x U(1).
In [P4] it was shown that the chiral case ker(])
with m? > n2, for which ker( :m) is isomorphic to the SU(3) representation C*! having
|m| = k+ 2l, n = k in (R.20). The dimension (R.1§) of this module coincides with the
index (p.33) after the shift m — m — ¢;(TCP?), where ¢;(TCP?) = 3 is the first Chern
number of the tangent bundle over CP?. This shift arises from the fact that the chiral

symmetric spinors couple only to the U(1) part of the spin® connection from which the

n.m) = 10} corresponds to the configurations

Dirac operator is constructed 23, 3. The antichiral case ker( :m) = {0} corresponds to
m? < n?, for which ker(D,, ,,) is isomorphic to the module CH with |m| =k —1,n=Fk+1
in (R.20). The corresponding dimension (R.1§) coincides with minus the index (6.39) af-
ter the shift n — n — 1. This shift accounts for the fact that the antichiral symmetric
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spinors couple only to the SU(2) part of the spin® connection. Note that because of these
shifts, the index (p.32) is generically fractional. Nevertheless, it will turn out to be the one
appropriate to our K-theory construction.

Next we turn to the construction of the tachyon field (6.27). For this, it is useful to re-
call the mapping onto the SU(2) spins j+ = ji(n, m) defined in (B.67). The shifts along ver-
tices induced by the arrows of the symmetric quiver in these variables take the simple forms

1
Jr(n+1,m+3) = j+(n,m)—i—§ and J+(n—=1,m+3) = ji(n,m),
1

j-(n—1,m+3) = j_(n,m)—§ and j-(n+1,m+3) = j_(n,m). (6.35)

The vertex redefinition (B.67) thus orients the symmetric quiver diagram onto a rectangular
quiver of the same type as those which arise for the symmetric space CP' x CP'. This
will enable us to adapt some of the constructions of [[L3] to the present case.

Using the Dirac operator analysis above, we decompose the vertex set Qq(k,!) into the
disjoint subsets

Qy = {(n,m) € Q(k,1) ! m? > n2} and Qy = {(n,m) € Qo(k,l) ! m? < n2} (6.36)

corresponding respectively to positive and negative values of the index (p.32). Using the
SU(2) spin variables in (B-69), these subsets further split into disjoint unions QF = Q™ U
QS—L_ with

Qi = {(n,m) € Qf | 2jx —jr < £ 55},

Q= ={(nm) eQy | jr—2j5 <5 and ji—jr>£EL . (6.37)

Using these decompositions we can define a bi-grading of the fibre space (6.26) by
K:I: = K:I:-l— ©® K:I:— with K:I:o = @ Kn,m ® (nvm) . (638)
(n,m)EQ(:)t'

Given the operators (p.2§), we define morphisms in (p.30) by

ot= Y si.el X (\q”fll, m43) (8, m|+]q 1, mt3)(d, m\> .
(n,m)€Qo(k,l) a€{-n+25}7_,
(6.39)
Using (6.34) along with finite-dimensionality of the path algebra associated to the given

symmetric quiver, we find the generic nilpotency conditions
(¢7) #0, i=1,...k and (D) =0,
(7)) #0, j=1,...,0 and (¢7)" = 0. (6.40)

The operators ([.39) are thus naturally associated with the zero-form components of a
Zy11 X Zyy1-graded connection. From the holomorphic relations (p.10) it follows that they
obey the commutation relation

0", 97| =0, (6.41)

— 53 —



and therefore generate a p-dimensional representation of the two-dimensional abelian alge-
bra u. In addition, from the non-holomorphic relations (p.29) one finds the commutativity
condition

(¢, 97 T] =0 (6.42)
along with hermitean conjugates.
For any positive integer s, we use (f.29) and (5.29) to derive the identities

s n+ts n
(‘bi) = Z Tnas,m+3s T;Lm ® ( Z <|q —s,m+3s)(q, m| (6.43)
(n,m)eQo (k,l) qe{—n+2j};7”:0

s—1
+s Z ‘q—yfsi—si- 27, m+3s><g, m| + |qniss, m+3s><3, m‘)) .
j=1

Using these formulas we now introduce the operators
41 _ _
pto= (¢+)[2}+ and poo= (¢ )[

where [z] denotes the integer part of x € R. With respect to the Zg x Zs-grading in (6.3§),
using (6.40), (6.43) and (p.35) one can straightforwardly show that they are odd holomor-
phic maps

N~

I+ (6.44)

M+ : K++®H — K__®H With (u+)2 = 0,
pV_ 9H — V. ©H with (p)® =0. (6.45)

The operators (.44) thus produce the desired bi-complex of noncommutative tachyon fields
between branes and antibranes.

It is instructive at this stage to look at the limiting case I = 0. Then the quiver
collapses to a holomorphic chain with k& + 1 vertices. One has j_ = 0, n = 2j. and
m = 3n — 2k. In this case m —n = 2(n — k) < 0 at each vertex v = (n,m), while
m+n = 2(2n — k). The branes are located at vertices v = (n,m) withn =0,1,..., [%] -1
along the chain, while the antibranes have n = [%], [g] +1,...,k The tachyon field pu™
shifts m + n by 4[%] + 4 and hence takes branes into antibranes. A completely analogous
picture holds for £k = 0, whereby j; = 0, n = 2j_ and m = —3n + 2[, with the tachyon
field u~ taking antibranes into branes. In this case m +n > 0 while m — n is positive
for 0 < n < [é] and negative for [é] < n < [. These chains are qualitatively the same
as the brane-antibrane systems associated to the symmetric space CP! M. However, the
symmetric quiver diagram associated to a generic module C*! is not simply the product
of two chains as in the CP* x CP! case [[J.

In contrast to the quiver gauge theories associated to the symmetric space CP?,
the tachyon fields (p.49) do not map between branes of equal and opposite K-theory
charges (f.39). On isotopical components, their non-trivial kernels and cokernels are given
by the finite-dimensional vector spaces

ker (u,tm) = im(Pn,m) and ker (u+mT) = im(PnH

n,

ker (i ) = im(Prm) and ker (u;,mT) = im(Pn_[%}_l’m+3[%}+3) (

§]+1,m+3[§]+3) )
6.46)
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Denote by ,uiﬁ, a, 3 = =+, the restrictions of the operators (.44) to V. op- Following M3,
with respect to the Zo-grading (p.26) and a suitable basis for the vector space VR we
define the operator

T=pl, op; T. (6.47)

It is an odd map ([6.27) which produces the appropriate two-term complex representing the
brane-antibrane system with tachyon field (.47).

To incorporate the twistings by the instanton and monopole bundles, we use the ABS
construction to extend the tachyon field (p.47) to the operator

T =T®l:C, — C_, (6.48)
where

o= P (V,noH) oo with ¢ = ker (PE,) . (6.49)

n,m

From (p.39) and (p.46) it follows that the K-theory charge represented as the index of the
tachyon field (p.4§) is given by

Q :=index(7) = dimker(7) — dimker (TT) (6.50)
— Z g(n+1)(m2—n(n+2)—l)
(n,m)eQaer

X [(Nnm + Ntk mesiigeartres) — (NVaggimesityes + Nn—[%],m+3[%]+3)] )

where we have used the commutativity relations (6.41]) and (6.43). This charge is related
to the instanton charge (6.§) through

Q=4Q+%N, (6.51)

where N is the noncommutative vortex number (p.39).

Non-symmetric C*! quiver charges. The representation ring of the maximal torus
T is a product R(T") = R(U(1)) @ R(U(1)), which can be identified with the formal Laurent
polynomial ring

R(T) = Z[ﬁ(l) , ﬁz/l)] ® Z[ﬁ@) ) 52/2)] (6.52)

in the two monopole line bundles £;) — Q3. The (reduced) K-theory of the space Q3 is gen-
erated by L), £1)® L;) and L1y ® L(1) @ L) with ¢ = 1,2. For the Dirac index in 6.52),
we will now show that the index of the spin® Dirac operator on Q)3 in the background
monopole fields corresponding to the irreducible representation (g, m), of T"is given by

index(D, ) = %q (m® — ¢?) . (6.53)

The Dirac spectrum in this case was also computed in [P4] from the natural spin® connection
on (3 with torsion, by using exactly the same technique as in the symmetric case above.
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The chiral case ker(,,,) = {0} corresponds to background gauge field configurations

on Q3 with ¢> > m?, for which ker( ;m) is isomorphic to the G-module C*! having
lgl = k+1, /m| = k — 1. The corresponding dimension (R.1§) coincides with minus the
index (b.53) after shifting ¢ — ¢ & 2. The antichiral case ker( ;m) = {0} corresponds to
q> < m?, for which the Dirac kernel ker(D, ,,) is isomorphic to the SU(3) representation
C*! with |q| = k, |m| = k + 2I. The corresponding dimension (P-I§) agrees with (5.59)

after the shifts ¢ — g+ 1, m — m=£3. In both cases the shifts account for the contributions

of the intrinsic spin® fermion to the U(1) monopole charges.
We correspondingly decompose the vertex set Qq(k,!) into disjoint subsets

Qy = {(g;m)n € Qo(k,1) | > m2} and Qo = {(g;m)n € Qo(k,1) | ¢ < m2} .

(6.54)
Using the U-spin and V-spin charge variables (5.50]), we further decompose these subsets
into QF = QX" UQF™ with

Q" = {(¢,;m)n € Qf |qu < 0} and Q)™ = {(¢,m)n € Qg lav <0}, (6.55)
Q= {(¢mneQy|aw>0,¢g>0} and Q;~ = {(¢,m)n € Qylqv >0,¢ <0},

Al

The corresponding bi-grading of the fibre space (p.26]) is then given by

Vy =V, ., eV, with V., = @ "Kq,m ® (g,m)n - (6.56)

(‘Lm)n EQi.

Given the operators (p.41]), we define morphisms in E) by
-1

¢ = > (" Mpprmes Tyt © g1, m o+ 3)(@, ml

(¢:m)n€Qo (k,1)

+1
+ n+1Tq:|:1,m+3 an,mJr ® |qn:l: 1 , M+ 3><3, m|> ’

¢0 — Z an+2,m an,mT ® ‘q _7_ 2, m><7ql’ m‘ . (657)

(¢:m)n€Qo (k,1)

From the quadratic holomorphic relations (5.17)-(p.19) it follows that these p X p matrix-
valued operators satisfy the commutativity equations

(¢t 9] =0 and [¢T, ¢°] = 0, (6.58)
while from the non-holomorphic relations (p.44) one finds
[6t,¢"T] =0 and [¢7,¢°T] =0, (6.59)
plus hermitean conjugates. From the linear holomorphic relations (p.49) one has
ot = ¢ ¢ = 9’97, (6.60)
while from (p.43) it follows that
¢- = ¢ T = ¢"TT  and ¢ = ¢7Te" = ¢To T, (6.61)
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along with hermitean conjugates.
From the isospin range (R.29) it follows that the operators ¢" obey the generic nilpo-
tency conditions

(¢O)i #0, ¢+ =1,...;k+1l+1 and (¢0)k+l+2 =0. (6.62)
From the relations (6.58)(6.61) it then also follows that
(¢i)i #0, i+ =1,...,k+1+1 and (qﬁi)kﬂJr2 =0. (6.63)

Generic non-vanishing powers of the operators (f.57) are readily computed with the results

(¢i)s _ Z (n_Squ:s,m+3s an7mT ® ‘qn:_tss , m+ 38><3, m‘
(g:m)n €Qo(,1)

s—1 .
b5 SO AT T T g s me 3s)(d, ml
j=1

+ "+5Tqis7m+3s "Tqu ® ‘qn:_liss , M+ 38><3, mD ,

@) = Y s Tyl @ g+ 25, m)(d, m|, (6.64)
(g:m)n €Qo(k,1)
for any positive integer s.

From (p.60) and (B.61) it follows that only two of the operators in ([.57) are inde-
pendent. We will work with ¢ and use the second relation in (p.61) to generate @
The operators ¢i thus form the odd zero-form components of a Zyy ;19 X Zgi11o-graded
connection. Using (p.64) we then define the bi-tachyon fields

k+1+2
pt = (o) T (6.65)

Similarly to (.43), they are odd holomorphic maps

M+ : K++®H — K__®H With (u+)2 = 0,
p iV, ©H — V__ 9"  with (p7)? =0 (6.66)

whose isotopical components have non-trivial kernels and cokernels given by

s

ker (",u;;fm) = im("Pq,m) and ker (”uimT) = EB im(”_s+2qui57m+3s), (6.67)
§=0

with s := [W] + 1. Note that the cokernel in (6.67) naturally takes into account the
degeneracies of weight vectors, i.e. the multiple arrows in the quiver diagram.
The tachyon field
Timpt, @us (6.68)
then yields the requisite two-term complex (.27). We extend it as in (p.4§) using the
noncommutative ABS spaces where

C, = EB ("Vym®@H) @ Q’Zg””’lq”” with Qljg’m’lq’m = ker (lDi ) . (6.69)

q,m
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Using (6.59), (6.53), (6.59) and (6.67) we compute the index Q of the tachyon field (6.65)

as before to get

1
Q= Z g q ( 2 _m2) [(an,m +" q,m+63) - (an+s,m+3s +an—s,m+3s)] . (670)
(Q7m)7L€Q§+

This charge is related to the instanton charge (f.17) as
QR=19. (6.71)

6.3 Euler-Ringel characters

The category of representations of the quiver with relations (Q(k,1),R(k,1)) provides a
complete framework for understanding our instanton solutions. It gives a more detailed
picture of the dynamics, particularly of how the original configuration on X folds itself
into branes and antibranes on Mg within the category of quiver modules. Following [,
we start from the instanton module (f.29) over (Q(k,1),R(k,1)) and its projective Ringel
resolution. Since there are no relations among our relations, this leads to the exact sequence

0— @ @ 2p(v) ® ker (TJ) - @ @ 2@@) ® ker (TJ) —
UGQO(k,l) pER(k,l) UGQo(k,l) @GQl(k,l)
— P P,oke(T)) —T—0 (6.72)
vEQo (k,l)

where P , is the quiver representation defined as the subspace of the path algebra generated
by all paths which start from vertex v € Qg(k, ). The first sum in (p.79) runs through the
holomorphic relations of the quiver which are indexed by paths starting at vertex v and
ending at vertex p(v).

Let

w= @ w, (6.73)
vEQo (k,1)

be the canonical representation of (Q(k,1),R(k,[)) determined by the “folding” of K-theory
charges in the equivariant ABS construction. We regard it as an element of the representa-
tion ring of the quiver. It will be determined explicitly below in terms of the Dirac kernels
Ckvlv = ker(ID,) of section .4 above. The module W represents the coupling of K-theory
charges on G/H to the instanton modules T

Applying the covariant functor Hom(—, W) to the projective resolution (f.72) yields
the complex

0 — Hom (T, W) — EB Hom(ker(TJ),wv) —
vEQo (k,l)
— @ @ Hom(ker(TJ),wq)(v)) —
vEQou(k,l) PeQq(k,l)
— P P Hom(ker(T)), W) — Ext*(T, W) — 0. (6.74)
veQo(k)l) peR(k,)
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We define ExtP(T, W) to be the p-th cohomology group of this complex. For p = 0,
the group Ext’(T, W) = Hom(ZT , W) corresponds to the vertices Qq(k,1) and classifies
partial gauge symmetries of the instanton system. The group Ext!(T, W) = Ext(T, W)
corresponds to the arrows Q(k,[) and classifies deformations of ' @& W which describe
bound states of the constituent D-branes arising from partial gauge symmetries. The group
Ext?(T, W) corresponds to the relations R(k,1).

We now compute the relative Euler-Ringel form on the representation ring of the

quiver. Using (p.74) we find

X(T, W) := Z(—l)p dim Ext? (T, W)
p=>0

= Z <dim Hom (ker(T)), W) + Z dim Hom (ker(T}), W ,w)
vEQo (K,1) pER(K,I)

— > dim Hom (ker(T, )W<I>())>

Qi (k,l)
vEQo(k,I) pER(K,I) PeQi(k,l)

where w, := dim(W ,). We will define the virtual representation (6.73) such that the
virtual dimensions w,, v € Qo(k,[) obey the linear inhomogeneous recursion relations

wy + Z w, Z W (y) = index(D,), (6.76)

pER(K,1) deQy (k,1)

together with vanishing conditions at the boundaries of the pertinent quiver. Then the
character (p.75) coincides with the topological charges computed previously. Let us now
turn to the explicit constructions of the modules W.

Symmetric C*! quiver charges. The symmetric quiver diagram has only one holo-
morphic relation p given by (f.14), which takes a vertex v = (n,m) to p(v) = (n,m + 6),
and two arrows ®* taking v = (n,m) to ®*(v) = (n & 1,m + 3). We thus need to solve
the four-term linear inhomogeneous recursion relation

Wp,m + Wnm+6 — Wntlm+3 — Wn—1,m+3 = indeX(ﬂ)n,m) ) (677)

where the index is given by (6.39). By introducing the SU(2) spin variables i := —2j, and
a :=2j_, using (.35) one finds that the left-hand side of (f.77) is the same as that which
arises for the symmetric CP' x CP! quiver [[J]. Rewriting the solution of that case in
terms of our variables, one has

n—2 2(j+—3-)
Wngn = Y > index(,, ) - (6.78)

n'=

J=0
m! =—2(k—1)+3;
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These numbers correspond to the virtual dimensions of the SU(3) representations

n—2 2(j+—3-)
W,mn=6P b index(, ) - (6.79)
n'=0 0

j:
m/ =—2(k—1)+3j

This produces a non-decreasing sequence of representations { W,, .} as we move along
the quiver of constituent D-branes, such that the G-module W, ., gives extensions of the
instanton and monopole fields carried by the elementary brane state at vertex v = (n,m) €
Qo(k,1). Thus all in all, aside from a few details arising from the nonabelian nature of the
holonomy group H = SU(2) x U(1) in this case, the physics of the CP? quiver gauge theory
is qualitatively similar to that of the CP! x CP' quiver gauge theory.

Non-symmetric C*! quiver charges. The non-symmetric quiver diagram has several
holomorphic relations. From (4.2(]) we obtain a linear relation p € R(k,l) taking vertex
v = (¢,m), into p(v) = (¢ + 1,m + 3)px1. From (I.21)) we obtain the three respective
quadratic holomorphic relations p*—, p*° taking v = (¢, m),, into p™=(v) = (g, m + 6)pt1,
p0(v) = (¢ +3,m+3)ux1 and p~°(v) = (¢ +1,m +3),,+1. There are three arrows ®9, +
taking v into ®°(v) = (¢+2,m)n, ®T(v) = (¢+1,m+3)px1 and &~ (v) = (¢—1,m+3)p11.
Since the index (p.5J) in this case is independent of the degeneracy label n, we will suppose
that the same is true of the virtual dimensions "wg m, = wg,m. Then (5.7q) simplifies to the
six-term recursion relation

Wq,m + Wat1,m+3 + Wg,m+6 + Wa+3,m+3 — Wat+2,m — Wg—1,m+3 = index(P, ) . (6.80)

We see therefore that the number of independent terms in (6.76]) is equal to the dimension
dp of the coset space G/H.

We have not succeeded in finding an instructive and compact explicit solution to the
system ([6.80]). Nevertheless, we may prove the existence of a unique solution as follows.
Let us recall the U-spin and V-spin electric charge eigenvalues u := Yy = —% (¢+ %) and
vi=Yy = 1(¢g—2) from section .2 Setting w
recurrence relations (p.80) in the form

a(uw)m(uw) = OGup, W Mmay rewrite the

Qyp = Qyu—1 + Ay—10+1 — AQu—1,0 — Ayu—1,0—1 — Gu—2v+1 + bu,v (681)
where 1
buy = 3 (v—u)(u+2v)2u+wv) . (6.82)

It is now straightforward to see that (.81)) satisfies the hypotheses of Theorem 5 in [RF],
from which we deduce the existence of a unique solution a,, to () The sequence ay
can in this way be evaluated inductively, or alternatively via the kernel method which yields
some solution of the recursion relation. Several properties of this solution can be deduced
from the results of [R§]. It describes the moduli of the folding of branes and antibranes
in this case. Note that the index (5.89) changes sign when one interchanges U-spin and
V-spin electric charges.

— 60 —



Acknowledgments

We thank B. Dolan, D. O’Connor and B. Schroers for helpful discussions. This work was
supported in part by the Deutsche Forschungsgemeinschaft (DFG). O.L. is grateful for
hospitality to the Theory Division at CERN, where part of this work was done. The work
of R.J.S. was supported in part by the EU-RTN Network Grant MRTN-CT-2004-005104.

References

[1]

E. Corrigan, C. Devchand, D.B. Fairlie and J. Nuyts, First order equations for gauge fields in
spaces of dimension greater than four, [Nucl. Phys. B 214 (1983) 452;
R.S. Ward, Completely solvable gauge field equations in dimension greater than four,

Phys. B 236 (1984) 381].

S.K. Donaldson, Anti-self-dual Yang-Mills connections on a complex algebraic surface and
stable vector bundles, Proc. London Math. Soc. 50 (1985) 1; Infinite determinants, stable

K.K. Uhlenbeck and S.-T. Yau, On the existence of hermitian Yang-Mills connections on
stable bundles over compact Kdihler manifolds, Commun. Pure Appl. Math. 39 (1986) S257;
A note on our previous paper: On the existence of Hermitian Yang-Mills connections in
stable vector bundles, Commun. Pure Appl. Math. 42 (1989) 703.

T.A. Ivanova and O. Lechtenfeld, Noncommutative multi-instantons on R*™ x S?, |Phys. Lett

0. Lechtenfeld, A.D. Popov and R.J. Szabo, Noncommutative instantons in higher
dimensions, vortices and topological K-cycles, JHEP 12 (2003) 029 [hep-th/0310267].

A.D. Popov and R.J. Szabo, Quiver gauge theory of nonabelian vortices and noncommutative
instantons in higher dimensions, |J. Math. Phys. 47 (2006) 012306 [hep-th/050402§].

O. Garcfa-Prada, Invariant connections and vortices, [Commun. Math. Phys. 156 (1993) 527;
Dimensional reduction of stable bundles, vortices and stable pairs, Int. J. Math. 5 (1994) 1;

L. Alvarez-Cénsul and O. Garcia-Prada, Dimensional reduction, SL(2, C)-equivariant bundles

E. Witten, Monopoles and four manifolds, |[Math. Res. Lett. 1 (1994) 769 [hep-th/9411109].

A M. Jaffe and C.H. Taubes, Vortices and monopoles, Birkhauser, (1980).

A.D. Popov, Integrability of vortex equations on Riemann surfaces, prXiv:0712.1756;

Non-Abelian vortices on Riemann surfaces: an integrable case, prXiv:0801.0804.

A.D. Popov, Ezplicit non-abelian monopoles in SU(N) pure Yang-Mills theory,

77 (2008) 12502 [prXiv:0803.332(]; Bounces/dyons in the plane wave matriz model and

L. Alvarez-Consul and O. Garcia-Prada, Dimensional reduction and quiver bundles,

L. Alvarez-Consul and O. Garcia-Prada, Hitchin-Kobayashi correspondence, quivers and
vortices, [Commun. Math. Phys. 238 (2003) 1| [nath.DG/0112161].

2]
bundles and curvature, Duke Math. J. 54 (1987) 231;
3]
B 567 (2003) 107 [Fep-tn/0305195;
[4]
[5]
and stable holomorphic chains, Int. J. Math. 12 (2001) 159.
(6]
7]
8]
9]
SU(N) Yang-Mills theory, prXiv:0804.3848.
[10]
math.DG/011216d.
[11]
[12]

A.D. Popov, A.G. Sergeev and M. Wolf, Seiberg- Witten monopole equations on
noncommutative R*, UJ. Math. Phys. 44 (2003) 4527 [hep-th/0304269].

— 061 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB214%2C452
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB236%2C381
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB236%2C381
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB567%2C107
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB567%2C107
http://arxiv.org/abs/hep-th/0305195
http://jhep.sissa.it/stdsearch?paper=12%282003%29022
http://arxiv.org/abs/hep-th/0310267
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C47%2C012306
http://arxiv.org/abs/hep-th/0504025
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C156%2C527
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00146%2C1%2C769
http://arxiv.org/abs/hep-th/9411102
http://arxiv.org/abs/0712.1756
http://arxiv.org/abs/0801.0808
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD77%2C125026
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD77%2C125026
http://arxiv.org/abs/0803.3320
http://arxiv.org/abs/0804.3845
http://arxiv.org/abs/math.DG/0112160
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C238%2C1
http://arxiv.org/abs/math.DG/0112161
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C44%2C4527
http://arxiv.org/abs/hep-th/0304263

[13]

[14]

[15]

O. Lechtenfeld, A.D. Popov and R.J. Szabo, Rank two quiver gauge theory, graded
connections and noncommutative vortices, JHEP 09 (2006) 054 [hep-th/0603239].

O. Lechtenfeld, A.D. Popov and R.J. Szabo, Quiver gauge theory and noncommutative
vortices, |Prog. Theor. Phys. Suppl. 171 (2007) 25§ [rrXiv:0706.0979].

M. Atiyah and E. Witten, M-theory dynamics on a manifold of G holonomy,

Math. Phys. 6 (2003) 1| [hep-th/0107177].

[16]

P. Manousselis and G. Zoupanos, Dimensional reduction over coset spaces and
supersymmetry breaking, JHEP 03 (2002) 00 [hep—ph/01111285]; Dimensional reduction of
ten-dimensional supersymmetric gauge theories in the N' =1, D = 4 superfield formalism,
VHEP 11 (2004) 025 [hep-ph/0406207];

G. Lopes Cardoso et al., Non-Kdhler string backgrounds and their five torsion classes,

Phys. B 652 (2003) § [hep-th/021111§];

A. Chatzistavrakidis, P. Manousselis, N. Prezas and G. Zoupanos, On the consistency of
coset space dimensional reduction, |Phys. Lett. B 656 (2007) 15 [rrXiv:0708.3227).

L.C. Biedenharn, Invariant operators of the Casimir type, Phys. Lett. 3 (1962) 69;
G.E. Baird and L.C. Biedenharn, On the representations of semisimple Lie groups. 2, IZI

Math. Phys. 4 (1963) 1449

N. Mukunda and L.K. Pandit, Tensor methods and a unified representation theory of SU(3),
J. Math. Phys. 6 (1965) T746.

A. Konechny and A.S. Schwarz, Introduction to M(atriz) theory and noncommautative
geometry, [Phys. Rept. 360 (2002) 353 [hep-th/00121485]; Introduction to M(atriz) theory and
noncommutative geometry. I, hep—th/0107251;

M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, [Rev. Mod. Phys. 73 (2001)

977 [hep-th/0106044;

[20]

R.J. Szabo, Quantum field theory on noncommutative spaces, [Phys. Rept. 378 (2003) 207
[ep-th/0109163).

M. Aganagic, R. Gopakumar, S. Minwalla and A. Strominger, Unstable solitons in
noncommutative gauge theory, JHEP 04 (2001) 001| [hep-th/0009142;

J.A. Harvey, P. Kraus and F. Larsen, Ezact noncommutative solitons, JHEP 12 (2000) 024]
lhep-th/0010064;

D.J. Gross and N.A. Nekrasov, Solitons in noncommautative gauge theory, YHEP 03 (2001)

044 [hep-th/001009(].

C. Bachas, M.R. Douglas and C. Schweigert, Fluz stabilization of D-branes, [JHEP 05 (2000)|

049 [hep-th/0003037).

B.P. Dolan and C. Nash, Chiral fermions and spin® structures on matriz approzimations to
manifolds, UHEP 07 (2002) 057 [hep-th/0207007].

A.P. Balachandran, G. Immirzi, J. Lee and P. Presnajder, Dirac operators on coset spaces, E

Math. Phys. 44 (2003) 4713 [hep-th/0210297].

B.P. Dolan, The spectrum of the Dirac operator on cosetl spaces with homogeneous gauge
fields, UHEP 05 (2003) 01§ [hep-th/0304037].

M. Bousquet-Mélou and M. Petkovsek, Linear recurrences with constant coefficients: the
multivariate case, Discrete Math. 225 (2000) 51.

— 062 —


http://jhep.sissa.it/stdsearch?paper=09%282006%29054
http://arxiv.org/abs/hep-th/0603232
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PTPSA%2C171%2C258
http://arxiv.org/abs/0706.0979
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C6%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C6%2C1
http://arxiv.org/abs/hep-th/0107177
http://jhep.sissa.it/stdsearch?paper=03%282002%29002
http://arxiv.org/abs/hep-ph/0111125
http://jhep.sissa.it/stdsearch?paper=11%282004%29025
http://arxiv.org/abs/hep-ph/0406207
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB652%2C5
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB652%2C5
http://arxiv.org/abs/hep-th/0211118
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB656%2C152
http://arxiv.org/abs/0708.3222
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C4%2C1449
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C4%2C1449
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C360%2C353
http://arxiv.org/abs/hep-th/0012145
http://arxiv.org/abs/hep-th/0107251
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=RMPHA%2C73%2C977
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=RMPHA%2C73%2C977
http://arxiv.org/abs/hep-th/0106048
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C378%2C207
http://arxiv.org/abs/hep-th/0109162
http://jhep.sissa.it/stdsearch?paper=04%282001%29001
http://arxiv.org/abs/hep-th/0009142
http://jhep.sissa.it/stdsearch?paper=12%282000%29024
http://arxiv.org/abs/hep-th/0010060
http://jhep.sissa.it/stdsearch?paper=03%282001%29044
http://jhep.sissa.it/stdsearch?paper=03%282001%29044
http://arxiv.org/abs/hep-th/0010090
http://jhep.sissa.it/stdsearch?paper=05%282000%29048
http://jhep.sissa.it/stdsearch?paper=05%282000%29048
http://arxiv.org/abs/hep-th/0003037
http://jhep.sissa.it/stdsearch?paper=07%282002%29057
http://arxiv.org/abs/hep-th/0207007
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C44%2C4713
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C44%2C4713
http://arxiv.org/abs/hep-th/0210297
http://jhep.sissa.it/stdsearch?paper=05%282003%29018
http://arxiv.org/abs/hep-th/0304037

